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Table of Notations and Abbreviations

A concise description of the main notations and abbreviations used in this thesis.

Notation

Meaning
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Graph

Node set

Number of nodes

Edge set

Neighbourhood of node i

Adjacency matrix

Matrix for the attributes of the nodes
Tensor for the attributes of the edges
Index for layers

Vector representation or embedding of node 7 at layer ¢
Dimension of the embedding space

Matrix of learnable parameters at the ¢-th layer

Bias term, scalar or vector

Diagonal degree matrix

Index for time

Dynamic Graph

Graph at time ¢

Sequence of observations of events up to time ¢
Temporal embedding or representation for node 7 at time ¢
Rectified Linear Unit (ReLU) function

Sigmoid function

Input sequence vectors

Number of elements in sequence X

Abbreviation | Meaning

GNN
DGNN
CNN
GCN
GAT
MPNN
DTDG
CTDG
RNN
LSTM
GRU
TGN

A3T-GCN

MLP

Graph Neural Networks

Dynamic Graph Neural Network
Convolutional Neural Network
Graph Convolutional Network
Graph Attention Network
Message Passing Neural Network
Discrete Time Dynamic Graph
Continuous Time Dynamic Graph
Recurrent Neural Network
Long-Short Term Memory

Gated Recurrent Unit

Temporal Graph Network
Attention Temporal Graph Convolutional Network
Multi-Layer Perceptron







Introduction

Network systems are ubiquitous in the real world, with applications spanning busi-
ness, science, and beyond. At the heart of biological systems, communication grids,
e-commerce websites, and social media platforms lies a common structure: a network

of interacting entities.

To model networks, we use graphs, a high-level mathematical structure that represents
entities with nodes and relationships with edges. Graphs are versatile and possess
many components that makes them easy to adapt to any network. However, as the
size of the network increases, it becomes increasingly inefficient to use the original

formulation with nodes and edges.

Graph representation learning deals with converting large-scale graphs into numeri-
cal vectors in a latent space known as embeddings. These vectors comprise abstract
features that capture the original information contained in the graph. One advantage
of this formulation is that it enables Machine Learning tasks on graphs. Over the last
decade, Graph Neural Networks (GNNs) have emerged as the leading paradigm for
building effective embeddings that enable powerful inference tasks such as node clas-

sification or link prediction.

Real-world networks are inherently dynamic, evolving in structure and properties over
time. This added dimension is modeled with dynamic graphs, which allow for variable
structures and attributes. This implies a new goal for dynamic graph representation
learning: to produce node representation embeddings that capture spatial, structural,

and temporal dependencies.

How static GNNs should be adapted to dynamic contexts remains an open question.
Some distinct architectures are emerging, but the field is far from converging to some
general framework, since all the proposed implementations are designed to excel on
specific inference task. Concepts and ideas are scattered under different names and
notations, information is not easily accessible, and the reader needs significant techni-

cal knowledge to fully understand it.



The purpose of the thesis is to contribute a text to the Graph Representation field that
consolidates the foundations of Graph Neural Networks and introduces their dynamic
extension through consistent notation and straightforward explanations. Therefore, this

work is for those with a keen interest in machine learning applied to network systems.

We will begin with representation learning, which contextualises the rest of the thesis.
Then, we will dive into GNNs, the general framework, and the three main variations.
Next, we will introduce the concept of dynamic graphs and the new inference tasks
that they enable. Finally, we will explore Dynamic Graph Neural Networks, review
sequence models, explore emerging architectures, and apply our understanding on

traffic prediction and agriculture trade forecasting.

The Commodity Trade Problem

| was introduced to GNNs through a project during my professional experience at a
Dutch company that offers intelligence tools for commodity markets. The project in-
volved researching a model to address a key challenge in trade markets: the lack of

real-time insights.

Since data is sourced solely from government authorities, there is a significant delay
in trade information. On average, it takes three months for all countries to report their
trade volumes. If we are in June, the latest and complete market data available is from
February. This lag is an inefficiency of the market and severely hinders the planning

capabilities of buyers, traders, and sellers of commodities.

The goal is to eliminate the reporting delay. We aim to build a model that can accurately
predict global trade volumes for the past three months and potentially forecast future
values. Additionally, we want to leverage a set variables that are related to trade, such

as prices and stocks, and which are updated with a smaller lag.

The commodity trade problem will guide us throughout this thesis. Topic after topic, we
will return to this problem to contextualise the discussed theory. In other words, this
problem is our guiding North Star, and thus we will annotate all the paragraphs that are
related to it with the symbol ().



Graph Representation Learning

2.1 Representation Learning

2.1.1 Motivation

The effectiveness of machine learning methods relies on both the design of the algo-
rithms and the representation, or feature set, of the data. Different representations
incorporate the different explanatory factors that cause variation in the data. For exam-
ple, we can represent a meteorological event by recording various measures around it

like time, location, temperature, and air pressure.

In traditional machine learning, representations are constructed through feature engi-
neering, transforming raw data into more expressive features towards the target vari-
able. In our previous example, a simple feature engineering operation could be com-
puting the ratio between temperature and pressure rather than using the two measures

separately.

However, this process is labour-intensive, relies on domain expertise, and is subject to
selection bias. Over the last decade, research has focused on developing algorithms
that depend less on feature engineering. The goal is to design algorithms that learn

features autonomously in latent spaces.

2.1.2 Definition

Y. Bengio et al. (2013) define representation learning as the process of building ab-
stract representations of the data that facilitate the extraction of useful information when
building predictors. A strong representation captures the distribution of the explanatory

factors from the input data without any noise. [4]

For example, learning the representation of an image means converting its pixel data
into a set of features that capture the information contained in that image. We will

revisit this concept more in depth for graphs in the coming sections.



2.2 Graphs

2.2.1 Introduction

Representation learning is well-established for popular data types like images, text,
and sound because of high availability. However, there is another type of data that is

ubiquitous in the world but has received less attention: network data.

Network systems emerge in contexts where many entities are linked together by some
relationship. Examples can be found in digital contexts, such as connections on social
media or communication grids, and in physical contexts, like protein-to-protein interac-

tions or road systems.

Network data is modelled with graphs. Unlike the standard tabular format that list
entities individually, graphs emphasise the relationships among them, preserving the

valuable information that is stored in the connections of the network.

2.2.2 Definitions

Graph. A graph is a mathematical structure used to model complex systems with
interacting objects. Formally, it is tuple G = (V, &) with V = {vy,...,uy} the set of N
nodes and £ C {(v;,v;) | Vv;,v; € V} the set of edges. An edge from node i € V to
node j € V is denoted with (i, j) € £. Each node in the graph represents an object of

the network, and the edges indicate their interactions. [16]

Neighbourhood. The set of nodes that share an edge with node i form the 1-hop
neighbourhood of i, denoted as N (i) = {j € V|(i,7) € £}; the set of nodes within two

connections form the 2-hop neighbourhood, and so on.

Adjacency Matrix. The adjacency matrix A € R¥*¥ efficiently encodes the structure
of the graph. This square matrix uses node indices to label its rows and columns. For
each pair of nodes (i,5), Ali,j| = 1 if the two nodes share an edge, and Ali,j| =
0 otherwise. If an edge starts and ends at the same node, known as a self-loop,
then A[i,i] = 1. The adjacency matrix enables spectral decomposition of the graph, a

powerful concept that we will see again in the next chapter.
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Directed Graph. Edges can take different meanings based on the relationships they
model. When the direction is meaningful, such that (i, j) # (j,1) for (¢, j), (j, i) € &, the

graph is said to be directed, and the adjacency matrix is not necessarily symmetric.

If (4,7) is a directed edge, i is the source and j is the destination/target node. Con-
versely, if direction is meaningless, such that (i, j) = (j,7), then the graph is undirected,

and adjacency matrix is symmetric.

Side Information. Extra information about the nodes and the edges can be incorpo-
rated into the graph. This data is tied to tangible qualities, allowing the model to capture
spatial dependencies, id est (i.e.) the influence that attributes have on each other. With

side information is provided the definition of the graph exteneds to G = {V, &, X, E'}.

Node information comes as a real-valued matrix X € RV*? and is interpreted as either
a label (for d = 1) or a set of d features/attributes (for d > 1) per node that characterise

the entities.

Edge information comes as a tensor £ ¢ RV*N*P and is interpreted as either a weight
(for p = 1) or a set of p features/attributes (for p > 1) per edge that characterise the
relationships among entities. For p = 1, the tensor becomes the adjacency matrix with

real-valued entries, and the graph is said to be weighted. [13]

Multirelational Graphs. Modelling complex networks may require to categorise nodes
and edges into different types, resulting in multi-relational graphs. If a graph has dif-
ferent node types, which may be indicated explicitly through labels or implicitly by con-
struction, it is called heterogeneous. Alternatively, if a graph has different edge types,

where each type indicates a specific kind of relationship, it is called multiplex.

(%) We can use a directed and weighted graph to model the commodity trade problem.
Nodes represent countries and directed edges indicate trade. Moreover, we append
country-specific features on the nodes, such as production, and pair-specific features
on the edges, such as the distance and the trade volume, our target variable. Finally,
we distinguish between exporting countries, the source nodes, and importing countries,

the destination nodes. Figure 2.1 gives an idea of how the graph might look like.
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Figure 2.1: Graph modelling the trade network. Node i and ; are Italy and Morocco

2.3 Graph Learning

2.3.1 Motivation

As the size of the graph increases, its representation presents several challenges.
First, because node relationships are encoded with the edges, graph analysis algo-

rithms require combinatorial amounts of computation steps, and thus scale poorly.

Coupling nodes in pairs also limits the use of parallel and distributed algorithms, since
no two parts of a graph are truly independent. Finally, graphs are incompatible with
machine learning methods, which require numerical vector data. To overcome these

limitations, we need to represent graphs in continuous space.

2.3.2 Node Embedding

Graph representation learning methods aim at systematically learning a mapping of
each node to a information-rich vector in a dense and continuous space. The mapping
function is called node embedding, and the produced vectors are called embeddings,
node representations, or hidden representations. The content of an embedding is a set

of scalars referred to as "features”.

These features have no concrete meaning. Instead, they are abstract dimensions that
capture the information contained in the original graph, such as node connectivity,

neighbourhood structures, and side information.



Formally, a node embedding is a function ¢ : V — h € RF that maps each node
from the graph to a vector h, where I << |V] is the number of dimensions of the
embedding space. By combining all embeddings, we get the graph embedding H €
RN*F_In practice, H is used for inference tasks by implementing a decoder that turns

the abstract representation into predictions. [49]

Intuitively, nodes that are similar to each other will have embeddings with high proximity
in the embeddings space. Proximity is a broad concept that encapsulates different
metrics of similarity. Nodes can have community-based proximity if they are part of the
same cluster, geodesic proximity if they are close in terms of shortest path distance,

spatial proximity if they have similar attributes, or other types of proximity. [34]

To summarise, an effective graph embedding should:
1. allow for the reconstruction of the original graph;

2. support inference tasks.

2.3.3 Inference Tasks

There are three categories of inference tasks on graphs, each applicable at different
levels. First, classification; given a set of embeddings, predict the class of nodes, of
edges, or of the entire graph. Second, regression; given a set of embeddings, predict
one or multiple attributes of the nodes or of the edges. Third, link prediction; given a

set of embeddings, predict the existence of a link between pairs of nodes.

Another distinction is between transductive and inductive learning. The former involves
tasks where the predictions are made on entities that the model already saw during
training. The latter relates to tasks where the predictions are made on new entities,

which reveals the ability of the model to generalise. [49]

(%) Because we appended trade volumes on the edges, we can formulate the com-
modity trade problem as an edge regression task: predict the edge weights given the
structure of the graph, country-specific attributes on the nodes, and pair-specific fea-
tures on the edges. Additionally, we are in a transductive setting, as countries in the

graph remain unchanged between training and testing.
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2.3.4 Early Approaches

Early advancements in graph embedding research are based on dimensionality re-
duction techniques, which map data points from a high-dimensional space into lower-
dimensional embeddings. Their primary objective is to learn representations that, upon
being projected back to the original space, closely approximate the original points.

Early approaches thus focused on the first requirement of effective graph embedding.

An example is Isomap by J. Tenenbaum et al. (2000), a non-linear dimensionality re-
duction technique that involves modelling a dataset as a graph and calculating shortest

paths between point neighbourhoods. [44]

2.3.5 Modern Approaches

Modern approaches incorporate more information about the structure the graph. Addi-
tionally, they target downstream inference tasks, satisfying the second requirement of

effective graph embedding. [49]

DeepWalk by B. Perozzi et al. (2014) is the first popular approach. It defines the neigh-
bourhood of a node by leveraging random walks and iteratively updating embeddings.
The core idea is that nodes appearing frequently in each other’s paths are more likely
to be in the same neighbourhood. Thus, nodes which have similar neighbourhoods will

acquire similar representations. [32]

A. Grover et al. (2016) extended this concept with Node2Vec, a second-order random
walk. In particular, they bias transition probabilities between nodes at various shortest
path distances to strike a balance between breadth-first and depth-first search. Then,
Node2Vec iteratively updates embeddings by maximising the likelihood of seeing a

neighbourhood for a node conditioned on the node’s representation. [15]

Modern approaches also incorporate additional kinds of information that introduce fur-
ther proximity measures allowing the representation of the nodes can be learned more
comprehensively. This information involves side content from nodes and edges, such
as types and attributes, or even the error found during supervised training, which es-

tablishes a connection between the representation of the nodes and the target task.
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2.3.6 Deep Learning Approaches

Over the last 10 years, deep learning has emerged as the leading paradigm in machine
learning, with superior performance in many domains such as computer vision and
natural language processing. Y. LeCun et al. (2015) define deep learning as a set of
representation learning methods obtained by combining multiple non-linear modules
that each transform the representation at one level into a representation at a higher,

slightly more abstract level. [26]

However, deep learning methods are inapplicable to graph data. First, graphs are
highly irregular structures and have no spatial locality, meaning that nodes can be
arranged in any arbitrary shape and without affecting the information they together

contain. This makes it difficult to generalise mathematical operations.

Furthermore, the type and properties of graphs depend on the specific problem that
is being modelled. Two graphs can be isomorphic, meaning that they have the same
structure but different names and properties of the nodes. This further amplifies the
issue of generalising operations. In contrast, any image or text can be converted into

a standardised matrix or array of numbers.

Additionally, large-scale graphs can have millions of nodes and billions of edges. This
poses a significant constraint on the complexity of the models, which ideally have to
scale linearly with respect to graph size. Finally, graphs can hold side information, so

they require models flexible enough to incorporate this knowledge.

The most effective solution to these challenges is Graph Neural Networks (GNNs).
In February 2020, a team of researchers from MIT used GNNs to discover halicin, a
novel antibiotic capable of killing the world’s worst disease-causing bacteria. [41] This
achievement highlights just one of the many potential applications driving research in

GNNs, which we will explore in detail in the next chapter.
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Graph Neural Networks

3.1 Background

3.1.1 Problem Definition

Let G = (V, &) be a graph with V the set of nodes of size |[V| = N and £ the set of edges
connecting the nodes. Define also A ¢ R¥*Y as the adjacency matrix, X € RV*? as
the node attribute matrix, and E € RVI*IVIxP g5 the edge attribute tensor. Here, d and p
indicate the number of attributes per node and per edge respectively. A Graph Neural
Network (GNN) will learn a representations of the graph in a continuous space while
preserving as much information from that graph as possible. The output is a graph
embedding H € RV*F,

Graph |:h1’1 hl,Fi|
 — Neural :
K .
Networ |:hN’1 L hN’Fi|
G=,E¢)

HGRNXF

Figure 3.1: The core "black-box” idea of GNNs: input G and receive H.

3.1.2 Learning Approaches

Representation learning with GNNs can be categorized into supervised and unsuper-
vised techniques. Supervised GNNs operate on labelled data, where each input data
point is paired with a target label. In this way, the model learns embeddings that achieve

high-accuracy predictions on a certain downstream task.

Unsupervised GNNs use unlabelled inputs and instead focus on discovering latent vari-
ables of the nodes. These are based on successful unsupervised learning methods,
including Variational Autoencoders and Deep Graph Infomax. [22][47] The discussion

in this text will focus on supervised GNNs.
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3.2 General Framework

At their core, GNNs are a node embedding function that applies neural architectures
on graph-structured data using the neighbourhood aggregation strategy. This means

that they leverage the local neighbourhoods of the nodes to learn their representations.

Specifically, the embedding for each node i is obtained by aggregating the embeddings
of the neighbours j € N/ (i) and combining them with the embedding of : itself from the

previous iteration.

Each layer of a GNN equals a level of aggregation. After ¢ aggregations, the embed-
ding of node i, denoted with hf.é) € R¥, captures the structural information within /-hop
neighbourhoods of i. [51] Notably, because we don’t have a canonical ordering of the
neighbours, the node embedding function must be permutation invariant, meaning that
the same representation bust be obtained independently the order with which neigh-

bours are handled.

Given a node i, its embedding at the ¢-th layer is updated through a propagation rule,

composed of two functions:
1. AGGREGATE, which merges the information from the ¢-hop neighbours of i;

2. COMBINE, which updates the embedding of i by combining the aggregated

information from N (i) with the embedding of i from the previous layer.

Here is the general framework for GNNs.

Algorithm 1 General Framework for Graph Neural Networks

Initialisation: 1) =
forc=1,2,...,Zdo
foreach i c )V do
age’ = AGGREGATE® (1™ | j € (7))
n" = COMBINE® (n{™", agg")
end for

end for

13



Consider () as a matrix for the attributes of the nodes and the edges; . as the hyper-
(¢

parameter indicating the number of layers in the GNN; agg; ) as the aggregated em-
bedding from all neighbours of node i; AV (i) as the set of the 1-hop neighbour nodes
of ; hl@) as the updated embedding for i. The combination of embeddings at the final

layer H) is treated as the final graph embedding. [49]

The AGGREGATE function generally follows this expression:
AGGREGATE(v) = ¢(i, Ujeni ¥ (j))

where [ stands for a permutation invariant operator like sum or maximum, v is a
learnable function that transforms the neighbours’ representations, and ¢ is another
learnable function that updates the representation of node i using the aggregated rep-

resentations of its neighbours N (7). [6]

This framework applies to all types of GNNs. The differences between each type are
the AGGREGATE and COM BINE functions, how many layers of aggregation are
used, and what additional information is included from the attributes of the nodes and

the edges. We now discuss the three main flavours of graph neural networks.

3.3 Graph Convolutional Networks

3.3.1 Convolutions

A convolution is a mathematical operation between two functions f and g that produces
a third function (f * g). It is defined as the set of sums, for discrete cases, or the set of

integrals, for continuous cases, of the two functions after one is reversed and shifted.

Convolutions play a central role in Convolutional Neural Networks (CNNs), a deep
learning method for image processing. [25] In this context, the two functions to be

combined are an image and the kernel.

The kernel, or filter, is a grid of learnable parameters that is slid across the pixels of the
image. At each step of the convolution, the kernel computes a dot product between
its parameters and the values of the pixels of the image, effectively mapping the result

onto a smaller grid called a feature map.
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The weights of the kernel are initialised at random and optimised through back-propagation
to identify meaningful features of the image. Finally, multiple kernels are trained simul-

taneously to learn different features.

Kernels are useful because they reduce the size of the representation of the image.
The size of the kernel defines the receptive field size of each neuron in the neural
network that follows the convolution layers. Loosely speaking, the smaller the kernel,
the finer the patterns that the CNN can identify, as each neuron will be connected to a

smaller region of the input image. [36]

3.3.2 Convolutions on Graphs

Inspired by CNNSs, Kipf et al. (2016) introduced Graph Convolutional Networks (GCN).
[23] The fundamental idea remains unchanged; a kernel is slid over the graph, and the
embeddings are formed as a weighted sum of the embeddings of the neighbours, but

now the size of the kernel varies according to each node’s 1-hop neighbourhood.

The propagation rule of GCN at the ¢ + 1-th layer is:
H"Y = (D2 AD HOWO) = g(AHOW W)

Here, A = A + I, with I € RV*N being the identity matrix. It is added to the adja-
cency matrix to incorporate self-loops, making a node a neighbour of itself, and thus
incorporating its own features during the updating of the representations. D is a di-
agonal matrix called the degree matrix, with D;; = >°. A;; representing the number of

connections of node i plus 1.

o(-) is some activation function like the Rectified Linear Unit (ReLU) which introduces
non-linearity. H® ¢ RY*F is a matrix of node representation at the ¢-th layer, with the
first layer H(® = X being the node features matrix. W ¢ RF*¥" is the collection of

kernels, a learnable matrix that is trained during the optimisation.

Integers F' and F” indicate the dimensions of the embedding spaces at the ¢-th and
¢ + 1-th layers, respectively. To better understand this propagation rule, we unroll its

operations for a single node i:
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The first part inside o is the AGGREGATE function. It is a sum of all the node repre-
sentations from the previous layer ¢ — 1, weighted by 1 and scaled by entries from
the adjacency and degree matrices. The second part is the COM BIN FE function. It
says that the aggregated representations of the neighbours are combined via summa-
tion to the weighted and scaled representation of node i from the previous layer. Figure

3.2 depicts the propagation rule for GCN.
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Figure 3.2: Propagation rule for GCN.

The formulation of GCN is quite similar to that of Neural Networks. The main difference
is in the way the adjacency matrix is scaled into A. To understand how the scaling

coefficients are obtained, we go to the realm of Spectral Graph Theory.

3.3.3 Spectral Graph Theory Justification

Spectral Graph Theory is the study of graphs through linear algebra. There are two
important matrices that we can extract from a graph: the adjacency matrix A and the

Laplacian matrix Lg. They are linked by the relationship Ly = D — A.

Formally, the Laplacian L of a graph G = (V, E) is a matrix whose entries I (i, j) are:
—1,if {i,j} € E; degree(i), if i = j; and 0 otherwise. [27] L is used to study various
properties of graphs, such as connectivity and clustering. In GCN, the Laplacian matrix

is used to approximate a spectral convolution on graphs.
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A spectral convolution gy * z := UgyUT z is defined as the product between a convolu-
tional kernel g5, parameterised by 6 € R”, and the signals from all the nodes z € RV*!.
Here, U is obtained via spectral decomposition L = UAUT of the normalised Lapla-
cian matrix L = I — D2 LoD 2. A series of steps to alleviate the computational cost
and reduce over-fitting risk that we will not cover lead to the following approximated

layer-wise linear model: gy * 2 ~ 0(I + D~z AD"z).

There still persists one issue: the eigenvalues of the normalised Laplacian matrix lie in
the interval [0, 2]. A GCN with many aggregation layers risks incurring either vanishing
gradients, with eigenvalues close to 0, or exploding gradients, with eigenvalues close
to 2. Thus, the final re-normalisation operation A = A + I is applied, ensuring that

eigenvalues are in the range [—1, 1]. Generalising to nodes with d features yields

1 ~ ~

H=D3AD3X0O

By adding ¢ and noticing that © € R*¥ = W we find the propagation rule of GCN.

3.4 Graph Attention Networks

3.4.1 Attention

Attention has become ubiquitous among machine learning methodologies, including
the influential Transformer. [46] The concept was introduced as part of a Neural Ma-
chine Translation architecture. [2] Neural Machine Translation aims at outperforming

traditional phrase-based translation of natural language using a single neural network.

The authors approach translation probabilistically. Given a source sentence X =
(z1,...,z7,) in one language and the target sentence ) = (y1,...,yr,) in another lan-
guage, both stored as a sequence of different length of vectors for words, translation
finds the target word that maximises the conditional probability of ) given X':

Ty
P(y17"'7yTy | xy, "7'rTx) = Hp(yt | Ca y17"'ayt—1)

t=1

where C'is a special vector containing information about the context of the word under

prediction.
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The common way to solve this problem is to parameterise P()Y|X) and train it on a
corpus of sentence pairs. After learning the distribution, the model takes a source

sentence and outputs the translation that maximises the conditional probability.

[2] proposes the following architecture. First, a bidirectional Recurrent Neural Network
is used to encode the input sequence into embeddings (A4, ..., hz,) which we will call
annotations. [38] Intuitively, annotation h; for word z; contains a summary of the words
preceding and following z;. Because RNNs tend to represent better recent inputs, the

summaries will focus on the words closer to z;. We will return to RNNs in Chapter 5.

The concept of attention is introduced in the decoder. The function to model the con-
ditional probability of each word is defined as ¢(y;_1, si, ¢;) = P(yilv1, ..., yi—1, x), Where
si = f(si—1,yi-1, C;) is the RNN hidden state, for i = 1, ..., Ty the number of words in the
target sentence. C; is a context vector, defined as a weighted sum of the annotations

of the source sentence, where each weight «;; is between 0 and 1.

exp(e;;)

Ty
C; = aiih; , i = Softmaz(e;;) = T,
; >y expleis)

Inturn, e;; = a(s;_1, h;). At last, the function a(-) is an alignment mechanism that quan-
tifies how similar or aligned the inputs around position j are to the output at position i.
Since ¢;; is normalised with the Softmax activation function, «;; can be interpreted as
the probability that target word y; is translated from source word z;. The higher e;; and
«;j, the more important h; will be to the context C; of word y;. In other words, through

a(-), the decoder now knows to which part of the input it needs to pay more attention.

3.4.2 Attention on Graphs

Graph Convolutional Networks have two limitations. The first is that the importance of
each node to its neighbours is solely determined by the weight on the edges, which is
stored in the adjacency matrix. The second is that the representation is constructed
from the eigenbasis of the Laplacian matrix, which itself depends on the structure of

the graph, making the learned kernel ineffective for graphs with different structures.
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Graph Attention Networks (GATs) were developed by Velickovic P. et al. (2017) to
address both these problems. [28] GAT leverages self-attention to compute represen-
tations of each node by attending the node’s neighbours and determining which have
the most important features. The term “self” indicates that attention is applied to the

input sequence itself rather than to another target sequence, as in the original method.

First, GAT defines a linear transformation on the embeddings from the previous layer
HD e RN*F to embeddings of the new layer H©) ¢ RF*¥ with a learnable weight
matrix W € R¥*F". Then, GAT performs masked self-attention, computing the attention

coefficient for each pair of nodes using the attention function a : RF x RF" — R":
eij = a(Whi™ Whi™Y)

Intuitively, the attention coefficient e;; represents the importance of node’s j features to
node i. Crucially, a mask is applied such that e;; is computed only for nodes j € N (i),
and for j ¢ N(i), e;; = —oo. For the attention function, the authors use a single-
layer feed-forward neural network with with a Leaky RelLU activation function. The
neural networks is parameterised by a weight vector a« € R?" that learned during
training together with the other components. Finally, Softmax is applied to get the

scaled attention coefficient:

B B exp(LeakyReLU (a™[Wh;||Wh;]))
a;; = Softmaz(e;;) = ZkeN(z’) exp(LeakyRe LU (aT [W hy||W hy)))

where || represents the concatenation operation and layer superscripts have been omit-
ted for clarity. Then, the new node representation for node i is obtained via linear com-
bination of the representations of the neighbours, with the scaled attention coefficients

acting as weights.

hgz) = O'( Z O[ijWh;K_l))

JEN(3)

Through testing, the authors discovered that running multiple attention heads improved
the stability of the learning process. An attention head is one instance of the mecha-

nism described above.
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The final node representation is defined as either the concatenation or the average of
the features found by the K attention heads. Therefore, the propagation rule of GAT
for a single node i is:

Lo _

i =

(e ) o o 52 o)

jEN ) k= 1]€N

GAT fuses the AGGREGATE and COM BIN E parts into one as the weighted sum of
the embeddings of the neighbours across all the attention heads. The propagation rule

is visualised in Figure 3.3

’

Wh; <

softmax

Wh; <

Figure 3.3: Left: GAT’s attention mechanism. Right: GAT’s multi-head attention, where
each colour is a different attention head. [28]

3.43 GATv2

The attention mechanism in GAT has a major drawback: it relies on a single ranking of
the features of the neighbours. When calculating the attention coefficient e;; for pairs
of nodes i, j, for all j € N (i), the weights in the attention mechanism « are the same.
This means that the importance assignment of the features of node j is independent of
node i, limiting the expressive power of the model, i.e. how accurately the model can

represent the relationships in the graph.

To address this issue, Brody S. et al. (2021) present GATv2, a modified version of GAT.
[5] In particular, they suggest altering the order of internal operations and have first
the concatenation of the embeddings, then the multiplication via the learnable weight

matrix, then the non linearity, and finally the attention function.
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e;; = LeakyReLU (™ (Wh;||Wh;))  Attention coefficients in GAT.
e;; = a’ LeakyRe LU (W (hi||h;))  Attention coefficients in GATv2.

In this way, the attention mechanism is augmented from a single array of weights into
a multi-layer perceptron that assigns different importance to the features of the neigh-
bours based on the node and the neighbour being considered. For the same computa-
tional complexity, the authors found that this alternative attention mechanism achieves

higher accuracy compared to GAT.

3.5 Message Passing Neural Networks

The third flavour of GNNs comes from the field of computational chemistry, specifically
the problem of learning graph representations of molecules. QM9 is the benchmark
dataset in the field, containing data about 130 thousand molecules, each with 13 quan-
tum mechanical properties. [17] Many GNN applications have been developed thanks

to QM9, from predicting molecular properties, to modelling interaction networks.

In this regard, Gilmer J. et al. (2017) formulate a single framework for all GNNs called
Message Passing Neural Networks (MPNNSs). [12] MPNNs introduce the concept of
messages, i.e. the information that node j contributes to node i. This notion gives a

more intuitive interpretation of how information is propagated during learning.

The forward pass entails two steps: message passing and readout. Message passing
is repeated for £ time-steps, or layers, and each layer is composed of a message
function M, and an update function U,. For each node i, M, aggregates the messages
from the neighbours ; € N (i), and U, combines the aggregated message with the
current representation of the node to get the representation at the ¢ + 1-th layer. The

propagation rules of MPNN, also visualised in Figure 3.4, are:

/+1 0 l
Message mi™" = 3" My(h{ B e;)
FEN ()

Update A = U (", m{"™)

7 i i

where e;; € R? is a vector of edge attributes of dimension p. After .# layers, readout

computes a single feature vector as a summary for the whole graph.
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Figure 3.4: Message passing concept: each node sends information to its neighbours.

MPNN defines AGGREGATE in the Message stage and COM BINE in the Update
stage. The crucial difference between MPNN and the other two flavours of GNNs is that
MPNN generalises the AGGREGATE function to any non-linear learnable function

depending on the embeddings of a node and its neighbours.

3.6 Depth Concerns

The GNN flavours encompass many models, each designed for specific task. Give
the variety of problems, there is no single optimal GNN design, and decisions must be

made on a case-by-case basis.

One of the key design choices is the number of layers, referred to as the model’'s depth
in deep learning. A GNN with £ layers will integrate information from k-hop neighbour-
hoods, the receptive field of its embeddings. However, GNN performance degrades
with sub-optimal number of layers. We discuss the main scenarios, summarised in
Figure 3.5.

Neighbourhood end N

a) b) c)

Figure 3.5: a) Over-Smoothing: node representations become too similar. b) Under-
Reaching. c) Over-Squashing. In b) and c), the yellow and green nodes
indicate the start and end respectively of a long-range dependency.
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3.6.1 Over-Smoothing

The expressivity of many deep learning models relies on having multiple layers. For
example, Residual Networks (ResNet), a deep learning architecture for image recog-
nition tasks, can have from fifty to thousands of layers. [18] In contrast, most GNN

architectures often have just a few layers to prevent over-smoothing.

Over-smoothing is defined as the convergence of all the node features towards the
same constant vector of values. [35] As the number of layers increases, the neighbour-
hood of each node expands until it becomes the entire graph. Because every node now
attends to every other node, the resulting embeddings get "smoothed out”, becoming
similar one to another and resembling the average information contained in the graph.

Thus, the model fails to learn distinct and useful representations.

Over-smoothing is gauged through a node-similarity measure p : RY*F — Ry, that
must equal to 0 if and only if all the embeddings h; are equal to some constant ¢ ¢ R”.
Then, over-smoothing is the layer-wise exponential convergence of p to 0: u(H®) <
Cie~ %2t Oy, 0, € R respectively indicate the initial node-similarity value and the rate
of decay. An example of node-similarity measure is Dirichlet energy, which finds the

average norm of the difference between each node embedding:
1 ¢ ¢
SHO) =30 > I = w3
i€V jeN (i)

Over-smoothing occurs when a model that has too many layers relative to the graph
it is processing. An alternative to reducing the number of layers is normalisation. For
instance, PairNorm maintains pairwise distances constant throughout every layer via

the following two operations applied at the end of each layer [54]:

N
. 1
1. Centering h; = h; — ~ ; h;
Ah;
3 [1hl13

2. Scaling h; =

where \ > 0 is a hyperparameter.
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3.6.2 Under-Reaching and Over-Squashing

Under-reaching and over-squashing occur when a GNN model fails to represent long-
range dependencies, which are relationships among distant nodes in the graph. Using
the idea of messages from MPNNSs, if a network has long-range dependencies, then
messages between non-adjacent but dependent nodes should be propagated along

the network efficiently.

Under-reaching happens when the model has too few layers to propagate the mes-
sage. If two nodes i,j share a long-range dependency and are § hops distant, but
the GNN has only .Z < ¢ layers, then the message from ¢ will never reach j, and

vice-versa. The solution would be to increase the number layers up to 4.

Over-squashing is more nuanced. Assuming that .¥ > o, the message from j to i is
still distorted by the messages coming from the other nodes in the receptive field of i.
While a larger . includes longer dependencies, it also squashes more messages into

a fixed-size vector, harming the information transfer between ; and i.

If the aggregate function ¢» and combine function ¢ of the GNN are differentiable, over-
squashing can be quantified in terms of one node representation hgf) failing to be af-
fected by some feature z € hge) of node ; at some distance ¢ of node i. This can be

expressed in terms of the Jacobian of the node:

]

(0+1)
‘%a— < <&6)6+1(A(5+1))iz
z

where A = D2 AD~2,and a > V| and 8 > |V, for ¢ < 4. Intuitively, if the mes-
sage and update functions at the /-th layer have bounded derivatives, then message
propagation from feature z of node j to node i is controlled by a suitable power of the

normalised adjacency matrix of the graph. [45]

Strategies to mitigate over-squashing involve pooling and rewiring. Graph rewiring
involves modifying the structure of the graph by adding and deleting edges to enhance

the performance of GNNs. [1]
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(%) In terms of expressivity, we expect GATv2 to perform the best due to the multi-
head attention mechanism, which helps select important features from neighbours.
However, the message passing analogy of MPNN better represents trade, the passing

of goods across countries.

Also, model depth issues are likely. If we focus on regional trade, such as within the Eu-
ropean Union, we would have a smaller graph and be more prone to over-smoothing.
Conversely, including all countries in the world would introduce long-range dependen-

cies, leading to higher chances of over-squashing and under-reaching.

Moreover, we have yet to address the temporal dimension of the problem. The graph
and the GNN flavours cannot incorporate time series data. We need to upgrade to

dynamic graphs.

25



Dynamic Graphs

4.1 Temporal Dimension

4.1.1 Motivation

Systems of interacting entities are ubiquitous, and graphs are one powerful tool to ac-
curately model them. However, using a single graph can be limiting, as it can represent
only one static snapshot of the system. In contrast, systems from the real world are
dynamic. Over time, new entities may join the system, existing entities may leave it,
properties of the entities and their relationship may change, and even the underlying

laws governing the system may evolve.

4.1.2 Evolution

Before defining dynamic graphs, we need to consider which components of graphs may
vary over time. First, there is structural evolution. This includes the addition or deletion
of nodes, for systems where entities can join and leave some platform, community, or
general grouping. Similarly, edges can also be added or deleted, reflecting the dynamic

relationships among entities.

Then, there is side information evolution, which models systems where attributes of
the nodes and/or the edges evolve over time. The nature and causes of these changes

depends entirely on the system being modelled. [49]

(%) In the commodity trade problem, we would primarily see side information evolution.
This applies for both country-specific attributes, such as stocks and budgets, and pair-
specific attributes, such as the currency exchange rate and the trade volume. All these

features are expected to vary on a monthly basis.

Structural evolution is also possible when new trade relationships are established or
terminated, represented by the addition or deletion of an edge, respectively. The nodes

are unlikely to change, as it would represent the creation or the dissolution of a country.
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4.2 Taxonomy

The definition of a dynamic graph depends on whether time is considered as a discrete
or a continuous variable. This distinction defines the two families of dynamic graphs:

Discrete Time Dynamic Graphs and Continuous Time Dynamic Graphs.

4.2.1 Discrete Time

Time is considered a discrete variable when graph evolution occurs at a fixed rate,
with variations in the graph spaced equally in time. Discrete time may be an intrinsic

property of the modelled system or a result of collecting data at regular intervals.

We define a Discrete Time Dynamic Graph (DTDG) as a sequence of snapshots G =
(Gy,--+,Gr), for t = 1,..,T equally-spaced timestamps. Each snapshot acts as a
static frame of G and is itself a graph G; = (V, &, Xy, E;) with a node set V, of size
N; = |V,|, an edge set &, a node attribute matrix X, € R"*4, and edge attribute tensor
E; € RNxNexe - Under the general definition of DTDGs, the content and size of each

component can change between snapshots.

A special case of DTDG is Spatio-Temporal graphs. They are characterised by a time-
invariant structure, meaning that V;, = V and &, = £ for all t. A spatio-temporal graph
is denoted as a sequence of graphs G = (G4, -+ ,Gr), where each snapshot G, =
(V, €, Xy, Ey) has only node and edge information dependent on time, as indicated by
the subscripts. The name indicates how evolution occurs only in the spatial dimension

of the graph, which is defined by the nodes’ and edges’ features. [14]
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\

Figure 4.1: Structural evolution of a DTDG defined for five time stamps. [14]
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(%) Under certain constraints, the commodity trade problem can be modelled with
spatio-temporal graphs. First, data comes in monthly intervals, a discrete time mea-
sure. Second, the node set is fixed. We would need to modify the meaning of edges to
have the edge set fixed as well. For instance, we could define buyer and supplier roles
for the countries and use edges to model all the possible buyer-supplier relationships.
Then, the only changes will be the attributes of the countries and the relationships

among them, including whether they trade and how much they trade.

4.2.2 Continuous Time

Time is considered as a continuous variable when graph evolution occurs at an irregular
rate. As a result, changes in the graph are not equally spaced across time but are
instead act as a flow of events. Continuous time arises as an intrinsic property of the

system that is being modelled.

Continuous Time Dynamic Graphs (CTDGs) are defined as a tuple G = (Gg, O), where
Go = Vo, &0, Xo, Ep) is a snapshot at ¢t = 0 representing the initial state of the graph,
and O = (o4, - ,0r) is @ sequence of observations occurring at any time ¢ > 0, for

t =1,..,T unequally-spaced timestamps.

Each observation o; = (event type, {i, j}: jev,, t) describes an event with the event type,
the node/s involved, and the timestamp. The event type can be either a structural
evolution, such as node/edge addition/deletion, or any type of feature update. The
graph G, is found by applying in chronological order all the observed events in O up to
time ¢. [14] Notably, DTDGs are a subset of CTDGs because they can be formulated
with observations made at constant intervals.

Edge

61—~ Node — addiﬁq
addition
Node —

/ / / gggfion%‘ / (/»\“ a:di:on . /

/ Node
deletion 3

T T T T T T time

t=0 t=1 t=2 t=3 t=4 t=5

Figure 4.2: Structural evolution of a CTDG defined for five time stamps. [14]



4.2.3 Temporal Neighbours

Dynamic graphs necessitate a new definition of the neighbourhood of a node. Since
connections change over time, the temporal neighbourhood of node i is defined as set
of nodes j that were initially connected to i or that shared an edge with i at some point
intime: N;(i) ={j € Vo Vj € op = (add edge (i,7),{i,j} € Vi, t') |t <t NjEVy}.

4.3 Dynamic Graph Learning

Graph Representation Learning on Dynamic Graphs involves learning abstract node
representations in a continuous space that preserve the structural relationships, spatial
information, and temporal dependencies contained in the graph. The dynamic nature
of the graph implies that information is contained not only in the structure and the
attributes but also along time. This means that the evolution of the graph might be

more informative than the graph’s structure and attributes in a single snapshot.

Hence, the node embedding for a dynamic graph with nodes V; is defined as a function
g : Vi — 2z, € RF that maps each node i to an F-dimensional feature vector z;,. This
vector must compress information about the current structure and the attributes of the
graph at time ¢, as well as reflect any past information about ¢ and its neighbourhood.
The individual node embeddings are combined into a temporal embedding Z, for the

entire graph, which is then used for downstream inference tasks.

4.3.1 Inference Tasks

Analogous to static graphs, dynamic graphs enable classification, regression, and link
prediction at different levels in the graph. The main difference is that inference is now
made along the temporal dimension. Because dynamic graphs store sequences of

events and time series of features, they effectively become forecasting tools.

Recently, dynamic graphs have been applied to multivariate time-series forecasting. A
multivariate time-series is a set of interconnected time series, where each series is a
sequence of measurements over time of one variable. The goal of forecasting is to

predict future values of the series based on historical trends.
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W. Cai et al. (2024) conceptualised each series as a node in a graph, leveraged GNNs
to learn dependencies across nodes, reformulated the problem into a node regression

task, and achieved state-of-the-art results on multiple benchmarks. [7]

(%) Simple data analysis reveals that trade volumes and many other related variables
exhibit seasonal trends and lagged causal effects. Therefore, dynamic graph learning
methods are the most appropriate for solving the commaodity trade problem. Namely,
we need to implement a GNN that captures all the structural, spatial, and temporal
dynamics of trade and generates a single temporal graph embedding that enables

future edge weights forecasting.

We re-define the commodity trade problem as a temporal edge regression task: pre-
dict the edge weights given monthly historical data about the structure of the graph,

country-specific attributes on the nodes, and pair-specific features on the edges.
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Dynamic Graph Neural Networks

5.1 Modelling Approach

Dynamic graphs are sequential in nature, as they consist of either a sequence of static
graphs or a sequence of events continuously updating a static graph. Most inference
tasks on dynamic graphs involve making predictions along the temporal dimension
In contrast, classic Graph Neural Networks (GNNs) are static, considering only the

structural and spatial dependencies.

Static GNNs take a graph G as input and produce a static embedding H. For in-
stance, if we input a Discrete Time Dynamic Graph G = (G4, ..,Gr) into a classical
GNN, we receive a sequence of embeddings H = (Hy, ..., Hr), one for each snapshot.
However, these embeddings are temporally independent, meaning that H; contains no
information about H;_; and all the other past node representations. From the GNN’s

perspective, the ordering of the graphs in G is irrelevant.

To capture the temporal dimension, Dynamic Graph Neural Networks (DGNNSs) en-
hance GNNs with sequence models. In the following pages, we will cover the funda-

mentals of various sequence models to understand their impact in DGNNs.

5.2 Sequence Models

Sequence models are a family of neural networks specialised in processing sequen-
tial data such as text or audio. For an input sequence X = (zy,...,x7),7; € R4, the
sequential model produces hidden representations (h,, ..., hr), where h; € R is an
F-dimensional embedding capturing the information from the first ¢ observations. The

earliest type of sequence model is the Recurrent Neural Network, introduced in 1986.

Recurrent Neural Networks

Recurrent Neural Networks (RNNs) extend feed-forward neural networks to sequential
data. [37]
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Given an input sequence X = (x4, ..., x7) and an output sequence Y = (y1, ..., yr), both
of length 7', the RNN computes the output y; for each input z, through the following two

operations:

hy = QWP g, 4 WD R, 4 M)

gy = WO p, 4 pW)

where h, is the hidden representation for input z,, W**) and W®" are the input-to-
hidden and hidden-to-hidden linear transformations, 1" is the hidden-to-output lin-
ear transformation, 6™ and b are bias terms, and ¥ is the sigmoid activation function,
which maps R into (0,1). Intuitively, the RNN moves along the input sequence and
generates each output based on the current input variable z; and the representation of

the previous ¢ — 1 inputs h;_;.

Encoder-Decoder Architecture

If input and output sequences have different lengths Ty # Ty, a sequence-to-sequence
(seqg2seq) or Encoder-Decoder architecture is used. [42] [10] Proposed by indepen-
dent authors, they share the same idea of combining two RNNs. The first RNN en-
codes the input sequence into a feature vector of fixed size. The second RNN decodes
that vector into the target sequence. Both RNNs are then trained end-to-end on an

objective function.

In practice, the encoder and decoder can be any learnable function. The authors of
seqg2seq point out that RNNs are unable to capture long-term dependencies due to
the recursive multiplication of weight matrices, which leads to vanishing or exploding

gradients. [31] Instead, they implement a Long-Short Term Memory network.

Long-Short Term Memory

Long Short Term Memory networks (LSTMs) are a variant of RNNs that address the
problem of vanishing/exploding gradients by partitioning the information flow into two

paths. [19] The first path is the hidden state, representing the Short Term Memory.
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It works with an internal recurrence that resembles that of RNNs, combining the pre-
vious hidden representation with the current input through parameterised linear trans-
formations. The second path is the cell state, representing the Long Term Memory. It

keeps track of long-term dependencies through non-parameterised operations.

Similarly to RNNs, LSTMs produce outputs by scanning the input sequence. For each
input z, € RY, the LSTM layer determines how much long-term memory is retained
(Forget Gate), how much information from the input is added to the long-term mem-
ory (Input Gate), and how much information from the input is added to the short-term
memory (Output Gate). A sigmoid function is used to gate each step, meaning that the

value to be added to the memory is scaled by a weight between 0 and 1.

Specifically, a single LSTM layer applies the following operations:

Forget Gate f, = 19<W(f)xt + WEp, |+ b(f))
Input Gate p, =9 <W(P)xt + WEMp, |+ b(P))
Output Gate o, = ﬁ(W(°)xt + WP, | + b<°>)
where t indicates the position of the input, W) and b are the learnable weight matri-
ces and biases, h;_ is the hidden state of the previous ¢t —1 inputs, and ¥ is the sigmoid
activation function.Finally, the model computes [11]:
Ce” State Update Ct — ft ®Cci1 + Pt ® 9 (W(C)xt + W(Ch) ht—l -+ b(c)>
Hidden State Update h; = o; ® tanh(c;)

where W) and b") are additional learnable weight matrices and biases, tanh(:) is an

activation function that maps R into (—1, 1), and ® is the Hadamard product.

LSTMs have achieved great performance a wide variety of tasks, such as handwriting
recognition. [8] However, the large quantity of parameters makes LSTMs relatively slow
to train with many layers and with long sequences. Gated Recurrent Units, introduced

in [10], reduce the number of parameters without sacrificing too much performance.
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Gated Recurrent Unit

Similar to LSTMs, the Gated Recurrent Unit (GRU) controls the flow of information with
two gates. The first gate, called the reset gate, determines whether the information
from the previous hidden state is ignored. The second gate, called the update gate,
determines how much information from the previous hidden state is added to the cur-
rent hidden state. [10]

Specifically, a single GRU layer applies the following operations:

Reset Gate r, =¥ (W(I):ct + W, |+ b(r))
Update Gate u, = (W(“)xt + W, 4 b(“)>

Candidate activations /; = tanh <W(i‘):pt Wy, @ Ry + b(fb))

Hidden State Update h;=w, ®hi1 + (1 —w) © Iy

where W0 and b are the usual learnable parameters, and &, contains the possible
modifications to apply to h,. These are computed as a function of the input z;, the

previous hidden representation h;_;, modulated by r;.

Intuitively, a GRU layer focused on retaining long-term dependencies will have r, close
to 0 and u; close to 1, such that it retains most information from h;,_; and minimises
the impact of /,_;. Conversely, a GRU layer focused on learning short-term trends will
have r close to 1 and u close to 0, such that more weight is added on the modifications

of h;_,. Often, multiple layers are used together to capture both types of dynamics.

5.3 Architectures

There are different ways to combine GNNs with sequence models, but the goal is the
same: to create a node representation Z, € R*¥ that holds information about the
dynamic graph’s structure, attributes, and their evolution from ¢ = 0 to some arbitrary

time t. We will refer to this representation as "temporal embedding”.
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Stacked

In stacked architectures, GNNs and RNNs are used sequentially. This approach is
based on the idea that spatial and temporal dependencies can be computed indepen-

dently. For DTDGs, the temporal node embedding for snapshot ¢ is created as follows:

Ht == GNN(Gt)
Zt - RNN(thl, Ht)

Intuitively, the GNN produces node representations H; for the individual snapshots up
to time t. Then, the RNN passes over the sequence of representations and produces

the temporal graph embedding Z;. This architecture is depicted below in 5.1.

t
. empor.al Z,
 embedding

graph

snapshots
! of DTDG

Figure 5.1: General form of the Stacked Architecture. [52]

For instance, Panapoulos et al. (2021) stacked an MPNN layer with an LSTM network
to model the spread of COVID-19 across cities during 2020. [29]

In stacked architectures for Continuous Time Dynamic Graphs (CTDGs), each node
representation is built in a granular fashion and continuously updated as events occur
to that node. The embedding strategy varies between implementations. For example,
Temporal GAT leverages attention to explore temporal neighbourhoods and maps time
differences into a higher-dimensional space. [50] Similarly, Temporal Graph Networks

(TGN) track the evolution of each node using a dedicated memory vector. [33]

35



Integrated

Integrated architectures incorporate the GNN into the RNN, capturing spatial and tem-
poral information concurrently. This results in a single unit that computes temporal
embeddings directly from the sequence of graphs or event observations. The general

idea is shown in figure below 5.2.

temporal 7
i embeddings 0

Figure 5.2: General form of the Integrated Architecture. [52]

An example in DTDG is Graph Convolution Embedded LSTM (GC-LSTM), which re-
places the weight matrices in the LSTM gates with a GCN layer. [9] GC-LSTM directly
processes a sequence of adjacency matrices and learns both structural and temporal
dynamics simultaneously. Consider A; the adjacency matrix at time ¢. Then, GC-

LSTM’s gates are generically formulated as:
g+ = ﬁ(W(g)At + GCN(Ht_l))

Other implementations focus on the sequences of interactions among nodes. An ex-
ample for CTDGs is JODIE, which uses two RNNs and a temporal attention vector to

update individual node representations only when an interaction occurs. [24]
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Hybrid

In hybrid architectures, the expressive power of GNNs is enhanced with alternative
techniques. For example, the position-encoding injective temporal graph net (PINT)
augments TGN with Causal Anonymous Walks (CAW). CAW is a random walk-based
algorithm that encodes temporal dependencies by starting from a selected edge and

moving backward in time to collect information about adjacent edges. [40]

Another hybrid model is Dynamic Graph Variational Autoencoder (DyGrAE), which
adapts auto-encoders to graphs. [43] At time ¢, DyGrAE encodes snapshot ¢ by av-
erage pooling the embedding of a Gated GNN (GGNN), computes the temporal em-

bedding with an LSTM, and reconstructs the adjacency matrix A, with a second LSTM:

GNN Embedding H, = poola,,(GGNN(G,))
LSTM Encoder Z;"¢ = LSTM"“(H,), Z;"})
LSTM Decoder 74 = LSTM®¥*(A,_,, Z%)

Meta

Meta architectures focus on linking the temporal dynamics of the graph to the param-
eters of the GNN. Instead of having a GNN with fixed weights for all time steps, meta
architectures update the weights via an RNN. This results in a GNN layer that evolves
with the graph. Pareja et al. (2019) put forward this concept with EvolveGCN. [30]
The parameters of a GCN layer are set to either the hidden states of a GRU, or as the
output of an LSTM. Considering ©,_; as the parameters of GCN at the previous time

step, the temporal embedding at time ¢ is found with:
@t = GRU(Xt, ®t—1)

Z, = GCN(X,,0,)

Most of the architectures we discussed have been developed experimentally by opti-
mising specific objectives Hence, no framework emerges as the clear winner. The best

approach varies from one inference task to another.
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In the next section we will explore two real-world applications of DGNNs to understand
their design. The first application uses DTDGs to forecast road traffic. () The sec-
ond is an attempt to solve the commodity trade problem using one of the best CTDG

framework to date.

5.4 Real World Applications

5.4.1 Traffic Forecasting

Problem Setup

The traffic forecasting problem involves predicting future traffic conditions given past
measures such as traffic speed and density. [53] Accurate forecasting is useful for
urban planners, who can implement appropriate measures to address traffic increases,
and for navigation software like Google Maps, which can identify faster routes and

estimate travel durations more accurately.

Traffic involves intricate spatial and temporal dependencies. First, the evolution of traf-
fic is dictated by the road network. If upstream roads receive a wave of cars, then
downstream roads are expected to experience part of that wave in the near future.
Second, traffic exhibits periodic trends, such as the infamous “rush hours.” These tem-

poral patterns can further inform predictions.

J. Zhu et al. propose the following framing of the problem. [3] Represent a road net-
work with a spatio-temporal graph G = (V, &), where the nodes are road sections and
undirected, unweighted edges are the connections among these road sections. Fur-
thermore, store traffic speed in a feature matrix X, € RV*4, where d is the length of
the sequence of the historical speed measurements for each road segment. The fore-
casting problem then becomes the following temporal node regression task: predict the
traffic speeds for T' future time steps using G and a historical series of length ¢ of node
feature matrices:
PG (X e X0)) = (Xt oo Xer)

where f is the learnable function representing the DGNN model.
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DGNN Model

The authors present A3T-GCN, a snapshot-based DGNN that stacks the following three
units: a GCN, a GRU, and an attention layer. The 2-layered GCN accounts for the

spatial dynamics of the road network at time ¢:
H, = GCN(X,, A) = 0(A o (AX,Wy)W)

with W, € R*>F and W, € RF*F where F’ is the final dimension of the static node

representations. Then, the GRU computes the traffic state at time ¢:

ry = 19(W(r) [Hta Zt—l] + b(r))
w, = I(WW[H,, Z,_,] + b))
Z, = tanh(WD[H,, 1, Z,_1] + b?))

Zt = utZt—l + (1 — ut)Zt

The attention layer extracts the long-term trend in variation in Z; by determining which
hidden states from the past are most important. A neural network with two layers,

parameterised by ((ba), wy) and (be), w(e)), is used for the attention function:

q
exp(e;
e; = wey(o(wmZ; +bay)) + ba), o= #7 Cy = Z%Zi
r—1 exp(er) <

The result is a context vector C; € RY containing all the spatial and temporal informa-
tion about the road network at time ¢. Finally, the predictions for the next T time steps
are generated by the decoder, a Multi-Layer Perceptron (MLP) that maps C; to a vector

of predictions Y € RZ. Comprehensively, the architecture is:

=RONO oo 46
GCN GCN GCN

Spatial Features )
T-GCN ’ Attention
Layer

GRU — GRU — GRU Temporal Features
T-GCN e

‘ é @ ‘ Temporal Embedding |

Figure 5.3: Left: Architecture of Dynamic GNN. Right: Attention layer.

S
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Results

A3T-GCN and the decoder are trained end-to-end with backpropagation and loss metric
|V — Y||2, where Y are the true values of traffic for the next T' time steps. The authors
compare the results to Auto-regressive Integrated Moving Average (ARIMA), GCN,
and GRU, which capture either the temporal or the spatial dynamics of the graph. A3T-
GCN scores the highest in accuracy and lowest in Root Mean Squared Error (RMSE),

proving its effectiveness in generating expressive representations.

5.4.2 Global Agriculture Trade (%)

Problem Setup

The global agriculture trade problem, introduced by L. Jiang et al. (2023), is the exper-
iment in the research field that most closely resembles our commodity trade problem.
[20] Both involve predicting the volumes of commodities traded among countries given
past information about trade and other variables such as production and demand. Ac-
curate trade forecasts benefit many parties, from government agencies that can design

better policies to companies that can make more precise production plans

Trade occurs in a global and interconnected market that presents both structural and
temporal dynamics. The structure of the market is defined by the relationships that
countries share, determined by trade agreements, geographical distances, and geopo-
litical conditions. Activity in the market is dictated by the forces of supply and demand,
which are influenced by many variables such as production and available stocks. Most
of these variables fluctuate during the year, roughly following seasonal trends, which

injects a temporal dimension into the problem.

Agriculture trade can be modelled as a CTDG G = (Gg, O) with countries as nodes and
trades as edges. Each observation o, = ((, 5), t,w;) € O indicates that a directed edge
with weight w;, € R between source node i and destination node j occurred at time ¢.
The weight indicates the volume that has been traded between country i and country

j. Moreover, G has a time varying node set V; and edge set &,.
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The agriculture trade problem can then be framed as the following temporal edge re-
gression task; predict the weights of the next 7" edges given a historical sequence of

observations of length ¢:

f(Go, Opz = (00, -, 07)) = (Wig1, s Wipr)
where f is the usual learnable function representing the DGNN.

DGNN Model

The authors implement Temporal Graph Networks (TGN), a framework for deep learn-
ing on CTDGs. [33] TGN is an encoder module that represents a CTDG as a sequence
of temporal embeddings Z; € R¥*F' where N, is the number of nodes at time ¢. These

embeddings are then fed to a decoder to obtain task-specific predictions.

TGN is based on the message passing view of GNNs and runs two subsequent pro-
cesses in batches of B events. In the original paper, the authors achieved the best
results with B = 200. First, TGN builds node states with the Memory, Message Func-
tion, Message Aggregator, and Memory Updater modules. Then, it generates node
embeddings with a single Embedding module. The entire architecture is visualised in
Figure 5.4.

Memory. The memory module stores state vectors s;(¢) for each node : that has been
observed by the model up to time t. We use the time index in parenthesis -(¢). instead
of the subscript -; for clarity. If a node is processed for the first time, its state is initialised
to zeros. Similar in RNNs, the state vector of a node holds the historical information of
the events that occurred to that node. This module enables TGN to track of long-term

trends. The next three modules work towards updating the memory.

Message Function. Each event in the graph provides a message that updates the
memory of the involved nodes. The Message Function module (msgs;., msgqs:) quanti-
fies this message by combining the previous states of the nodes involved in the event.
It can be either a learnable function or a concatenation. In our problem, we focus on

edge-wise events e;;(t).
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Thus, the message function will compute a value for both the source node and the

destination node:
mi(t) = msgsre(si(t™), s;(t7), Aty e;5(t)),  my(t) = msgas(s;(t), si(t7), At e;5(t))
where s;(t7) is the state of node ¢ before event e;;(t) happened.

Message Aggregator. TGN processes events in batches. This can lead to a situa-
tion where node i is involved in multiple events, resulting in sequence of messages
(my(t,),...,m;(ty)). The Message Aggregator module compresses the sequence into
a single aggregated message m;(t) = agg(m;(t.), ..., mi(ty)), where agg is a learnable

function, like RNNSs, or a simple operation like taking the most recent message.

Memory Updater. The memory updater module completes the update of the memory

by computing the new node states with a learnable function mem, such as an LSTM:
si(t) = mem(m;(t), s;(t7))

After updating the memory, TGN implements an embedding module to generate node
representations at time ¢. This prevents embeddings from becoming stale. Memory
staleness occurs when a node’s state s;(t) becomes obsolete due to prolonged lack of
events involving i. [21] During this period, the rest of the graph evolves, causing s;(t) to

miss recent trends and thus degrading the overall quality of the node representations.

Embedding. TGN addresses staleness with by aggregating states and events from the
neighbourhood. When a node has been inactive for some time, its likely that its neigh-
bours have experienced events and thus received state updates. The neighbourhood
aggregation propagates information to the inactive node. In particular, the embedding

module computes the temporal embedding for node 7 at time ¢ with:

Zz<t) = Z f(si(t)’ Sj (t)> eij)

JENTF([0:4])

where f is a DGNN and N}([0,t]) is the k-hop neighbourhood of node i for all times-

tamps < t.
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In the original paper, TGN performed best with Temporal GAT (TGAT), a DGNN archi-
tecture that leverages attention to select the most important neighbors based on their
attributes and the timing of the information. [34] However, when solving the agriculture

trade problem, the authors used a Transformer Convolution layer. [39]

Finally, the predictions are obtained with an MLP that maps Z, into a vector of edge

weight predictions Y € R” = (Wit ..., wipr) Ordered by timestamp.

Z1 (tl ) z9 tl
@ dec (w1 wz) loss
emb at) | [ =) |
/

Edge
1 )—t; (2 Node Embeddings Weights

Aggregated (Updated)
Messages Memory

Messages

Figure 5.4: The architecture of TGN.

Results

TGN and the decoder are trained end-to-end with loss ||Y — Y||2. Interestingly, training
with negative sampling proved to be the most effective technique. Negative sampling
involves randomly selecting one negative edge for each positive edge during training.
[20] Negative edges are those that do not exist in the original graph and have a weight

of 0. Also, note that the authors do not add additional node and edge features.

Jiang et al. compare TGN’s performance against several forecasting techniques, GCN,
and two other DGNNs (JODIE and DyRep). TGN consistently outperformed the DGNNSs,
surpassed the GCN thanks to the added temporal dimension, and achieved the second-
lowest Mean Squared Error (MSE) in all but one instance, where it was the best. These
findings validate TGN as an effective DGNN architecture. Strikingly, Persistence Aver-
age, a simple technique, almost always the best model. This highlights how TGN may

not be sophisticated enough to perform well on temporal edge regression.
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Conclusions

On the Commodity Trade Problem

The results from the previous chapter suggest that the TGN model is a step in the right
direction for solving the commodity trade problem. However, they also highlight a clear
research gap, as one baseline forecasting method outperformed the GNNs in all but
one test condition. These results suggest that current Dynamic Graph Neural Network

models may not yet be capable of solving temporal edge regression.

New training techniques may be necessary. The authors of [20] found that sam-
pling negative edges in different proportions significantly affects test performance.
Additionally, future research could explore edge-based embedding methods, such as

Edge2Vec, which maps edges into structure-preserving embeddings. [48]

On Dynamic Graph Neural Networks

Throughout this thesis, we consolidated the foundations of Graph Neural Networks
and explored their temporal applications. In particular, we began with graph represen-
tation learning, covered GNN theory, and detailed the main variations. Then, we intro-
duced the dimension of time, reviewed sequence models, examined emerging Dynamic
Graph Neural Networks architectures, and finally applied our knowledge by looking at

two real-world uses of DGNNSs.

The field of Graph Learning is still developing, and dynamic graph neural networks rep-
resent its frontier. This presents challenges, including a lack of benchmark datasets
for model comparison and no clear development direction. This leads to researchers
exploring large varieties of ideas in an uncoordinated manner. Zheng et al. (2024)
suggest that current datasets are imbalanced, lack variety in events, and do not offer
enough spatial and temporal complexity to effectively compare current dynamic mod-
els. [55]
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Lastly, there is the challenge of domain diversity. Dynamic graphs are applied to a wide
range of subjects due to their flexible structure. However, each application demands
different graph characteristics, requiring specific models. This diversity makes it difficult
to establish a standard framework. TGN is currently the sole unified framework and,
although constrained to specific types of graphs, its superior performance compared to

other DGNNSs highlights the value of researching unified and innovative architectures.

There are multiple research opportunities within the field of Dynamic Graph Represen-
tation Learning. For instance, federated learning on graphs remains unexplored but
could be beneficial given the various networks constructed with personal data. An-
other example is graph-level anomaly detection, which has applications in chemistry,
such as recognizing special proteins, and in finance, for identifying fraudulent profiles.
[52]

On a more theoretical level, the distinct nature of graphs encourages the research
of new machine learning approaches. For instance, [20] note that simple graph-based
normalisation tricks improve performance. Additionally, both this thesis and the broader
research field focus on the encoder component of the models. It is plausible that the
Multi-layer Perceptron lacks expressivity and looses information when decoding the

node representations into the predictions.

Finally, there is the broader question of training complex models on intricate relational
data using loss, a one-dimensional channel of information that tells the model how it
needs to learn. While, this approach yielded models with human-level performance on
tasks with images and text, which are standard-sized inputs, graphs lack this structure.
The beauty of advanced fields like Dynamic Graph Neural Networks lies in their ability

to make us reconsider the most basic foundations of our knowledge.
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