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1 Introduction

1.1 Purpose

Generative modeling represents a fundamental area in artificial intelligence, focused on un-
derstanding and replicating the distribution of data. Unlike discriminative models, which
aim to categorize or predict outcomes based on input data, generative models’ goal is to
generate new data instances that resemble the training data.

Stochastic processes play a central role in this approach, and very recent developments ex-
plore the connections of generative modeling with stochastic differential equations (SDEs).
The purpose of this thesis is to review the foundations of generative modeling, of the stochas-
tic processes used for this purpose, and to show new ideas on how SDEs can be used to build

generative models. This models will be finally implemented, tested, and compared.

1.2 Methods and Sources

The first chapter proposes an introductory overview to deep generative models (DGMs),
describing techniques such as Flow-Based Models [15], and various Latent Variable Models
[16]. The second chapter provides the necessary background and theoretical framework on
stochastic differential equations [7], including reverse time SDEs and backward SDEs.

These first two sections will then serve as building blocks for the third chapter, where the
concepts are unified, with the aim to explore how stochastic differential equations can be
employed in the context of deep generative models. In particular, we’ll see how SDEs can
be utilized to transform data distributions into a simpler prior distribution by gradually
injecting noise [11], and then how backward stochastic differential equations can be employed
to develop new generative models [17]. In the last chapter, the aforementioned models are
implemented in Python and tested on the MNSIT dataset, comparing their performances in

terms of qualitative and quantitative metrics.



2 Deep Generative Models

This chapter approaches the field of Deep Generative Modeling, providing an overview of the
theory behind some of the most important generative models.

In general, a generative model is a probabilistic framework used to generate data. Starting
from some sample data, the model learns a latent representation of them (i.e., the underlying
probability distribution), and then, by sampling from this learnt distribution, it generates
new data which should resemble the training set.

More formally, let’s consider a dataset of samples x1,...,x,, drawn from a true data dis-
tribution p(x). In Figure 1, these samples are depicted as black dots within a blue region
representing p(x). The model proposes a new distribution pg(z) (shown in green), constructed
by initially drawing samples from a standard Gaussian distribution (shown in red). These
Gaussian samples are transformed via a generative model — typically a neural network — into
the space of the data samples. The parameters (or weights) 6 of this neural network dictate
the characteristics of the generated data, controlling how the generated distribution py(x)
approximates the true distribution p(x). The goal in training these models is to adjust € so
that pg(z) is similar to p(z). This adjustment process is carried out by minimizing a loss
function which quantifies the discrepancy between the generated and true distributions, such
as the Kullback-Leibler (KL) divergence. Throughout the training process, 6 is iteratively
adjusted to reduce this discrepancy, transforming pg(z) from an initially arbitrary distribu-
tion into one that increasingly resembles the true data distribution p(x), finally allowing to
generate new data similar to the original ones.

We can identify four main categories of deep generative models:

e Flow-based models
e Latent variable models
e Autoregressive generative models (ARM)

e Energy-based models
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Figure 1: Generative model framework. The picture is taken from the OpenAl blog [4].

As for the purposes of this thesis, we will focus on the first two categories.

2.1 Flow-Based Models

Flow-based models, or flows, are a class of deep generative models that enable exact latent-
variable inference and log-likelihood evaluation. They use a series of invertible transforma-
tions to generate complex multi-dimensional data distributions.

The core concept of flow-based models relies on the change of variables formula in probability
theory, which allows the transformation of densities under invertible mappings. The change

of variables formula in the multidimensional case is:

p(x) = p(z = [~ (x)|T;(x)] 7", (2.1)

where p(x) is the density of the data, f is an invertible function (a bijection), and J¢(x) is
the Jacobian matrix of the transformation f at point x. The Jacobian matrix J;(x) is the

matrix of all first-order partial derivatives of f and |J(x)| represents the determinant.

Let’s now consider a series of invertible functions, f;, : R? — RP. Starting with a known



distribution 7(z¢) = N (20]0,I), we can apply these transformations, getting:

K

p(x) = (20 = 71 (x)) [T W5 (zin) 7" (2.2)

=1

Figure 2 shows an example of how a simple (unimodal) distribution, like Gaussian, is turned
into a complex (multimodal) one, employing a sequence of f;. In general, we can obtain

nearly any complex distribution and transform it back into a simple one.
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Figure 2: Visual example of transforming a unimodal distribution into a multimodal distri-
bution (image taken from [15]).

Taking the logarithm of (2.2), with 7(z¢) = N (20]0,I), we get

Inp(x) =N (20 = f'(x)[0,1) — Zln T, (zio1)] 7Y, (2.3)

where the first part of the equation is the Mean Square Error loss function, and the second
part, which ensures that the distribution is normalized, acts as a reqularizer by penalizing
large changes of volume for the invertible functions.

Now, in order to model the invertible transformations, it’s possible to use neural networks,
due to their flexibility and simplicity in training. However, not every neural network can
be employed, but we need neural networks that are invertible and in which the Jacobian-
determinant is simple to compute. A normalizing flow or flow-based model is the model built
using neural networks with such properties.

Among the principal flow-based models, we have RealNVP, ResNet Flows, and DenseNet

Flows. For the scope of this thesis, we will limit to describe the first one.
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2.1.1 RealNVP

One of the most significant classes of flow-based models is RealNVP, Real-valued Non-Volume
Preserving flows, which are also a foundation for numerous other models. We will now briefly
describe the main components and the learning objective of these models.

One of the building blocks of RealNVP is the so called coupling layer. The idea is to divide the

input to the layer in two parts x = [x,,Xp], and then to apply the following transformation:
Zo = Xq (2.4)

Zp = exp $(X,) © Xp + t(X,), (2.5)

where s and t are the scaling and transition arbitrary neural networks, and © is the symmetric
tensor product operation.

With this transformation, we have that the Jacobian matrix J is:

J_ Lixa 0ax(D-a | 2.6)

6Zb

. diag(exp(s(x,)))

whose determinant, given that it is a lower triangular matrix, is easily tractable, and is

equivalent to:

det(J) = 1__[ exp(s(x,);) = exp (Z_: s(xa)j> . (2.7)

Even if coupling layers are invertible, and the logarithm of the Jacobian-determinant is eas-
ily tractable, we are only processing part of the input, so we have to combine them with
permutation layers, which being volume-preserving can be applied after each coupling layer,
changing the order of variables.

Another important concept is that of dequantization. Since flow-based models assume that
data are random variables, we often have a problem with many discrete objects. This can be

overcome by adding (uniform) noise to the data, thus obtaining a continuous space.



As for the learning objective, it corresponds to the log-likelihood function. Applying the cou-
pling and permutations layers as outlined above and plugging the logarithm of the Jacobian-

determinant for the coupling layers in Eq. (2.3), we obtain

Inp(x) =N (zg = f~(x)[0,1) — Z (Z_ Sk (XZ)J) : (2.8)

i=1 \j=1

where s, is the scale network in the k-th coupling layer, and x* is the input to the respective
layer. The exponential in the determinant is then removed through the logarithm. The first
part of the objective can be interpreted as a function of —MSFE(0, f~!(x)), while for the
second part, we have a sum over transformations, considering only the outputs of s, for each

coupling layer.

2.2 Latent Variable Models

A widely used approach in generative modeling is that based on latent variables [16]. These
models incorporate hidden factors that represent underlying structures in high-dimensional
data. Typically, data x € XP, where X is the data space, is generated through a process
involving latent variables z € ZM, with ZM being a latent space with lower dimensionality.
To summarize the generative process, we start by sampling the latent variable z, to then
generate new data by sampling x from p(x|z). The factorization of the joint distribution is
p(x,z) = p(x|z)p(z), which expresses the aforementioned generative process. Since during
training we only know the sample data x, we need to marginalize out z. Therefore, the

marginal likelihood is

p(x) = / p(x|2)p(2) da. (2.9)

The difficulty now is to calculate this integral. The next sections present different approaches,
both in the case of tractable integral, with the probabilistic Principal Component Analysis
model, and non tractable, in which case variational inference techniques are employed, such

as Variational Auto Encoders and Deep Diffusion Generative Models.



2.2.1 Probabilistic Principal Component Analysis (pPCA)

The pPCA [14] is a probabilistic model for which the PCA framework serves as a maximum

likelihood estimate of its parameters. It assumes that
e z ¢ RM and x € R are continuous random variables.
e z ~ N(z|0,1).
e 7z and x are linearly dependent with Gaussian additive noise:
x=Wz+b+e (2.10)

where € ~ N (¢€]0, 0%I).

Then the conditional distribution of x given z is also Gaussian:

p(x|z) = N (x|Wz + b, 0?1, (2.11)

The likelihood of the observed data integrates out the latent variables:

p(x) = / p(x|2)p(2) da. (2.12)

The integration results in a marginal likelihood that is also Gaussian, given by:
p(x) = N(x|b, WW7 4 521). (2.13)

Moreover, pPCA facilitates the analytical computation of the true posterior distribution over

the latent variables z, which is Gaussian as well:
p(z|x) = N(z MW7 (x — b),0*M), (2.14)

where M = WTW + ¢%I. By maximizing the log-likelihood, the parameters of the model

can be estimated, allowing for the extraction of significant features from the data.



pPCA is a simple and effective latent variable model. However, if the dependencies are non-
linear or distributions other than Gaussian are employed, it would be impossible to compute

the integral precisely, leading to the necessity for approximation.

2.2.2 Variational Auto Encoders

When the integral in Eq. (2.9) is non-tractable, so that it can’t be calculated analytically,
pPCA can’t be employed. A simple approach to calculate it would be by Monte Carlo ap-
proximation. However, it suffers from the curse of dimensionality, as we have an exponential
growth of samples with respect to the latent space’s dimensions.

A better way to approximate the posterior distribution of the latent variables is the varia-
tional approach, which allows to approximate complex posterior distributions by framing the
problem as an optimization task.

Let’s consider a class of variational distributions with parameters ¢, {gs(z)}4, such as Gaus-
sians with ¢ = {1, 0%}, and assume that all z € ZM are assigned with a positive probability.
Approximating the logarithm of the marginal distribution, and considering ¢,(z|x) instead
of g,(z) for each x, i.e. an amortized variational posterior, which is useful as a single model

is trained, which returns the parameters of a distribution for the given input, we get

10 (%) 2 gy 10 p(x12)] — B oo 10 05 (2]5) — Inp(z)] (2.15)

We then get a Variational Auto-Encoder, which is a model very similar to an auto-encoder,
with a stochastic encoder q,(z|x), and a stochastic decoder p(x|z).

The Eq. (2.15) is the Evidence Lower BOund (ELBO), which is the log-likelihood function’s
lower bound. In the ELBO, E..,,@x [Inp(x|z)], represents the reconstruction error of en-
coding x in z and then deconding in the opposite way, while E. g, (z/x)[In ¢4(z|x) — Inp(z)],
could be seen as a regularizer, which in the basic case corresponds to the Kullback-Leibler
(KL) divergence.

In the VAE framework, almost any distribution can be chosen for the latent variables, and



the decision depends on how we want to represent the latent factors in the data. Later,
neural networks can be used to set the parameters of both the encoders and the decoders.
Usually, for ease, z € RM is a vector of continuous r.v.s. After that, Gaussians can be used

for the variational posterior and for the prior:

6o (2[%) = N (2|14 (x), diagloy (x)]) (2.16)
p(z) = N(z[0,1), (2.17)

where j14(x) and cré(x) are given by a neural network, like in the decoder’s case.

An important component of VAEs is the Reparameterization Trick. This solves the problem of
backpropagation, which cannot be used as it requires deterministic layers to apply gradient
descent properly. It works by expressing the random variable as a deterministic variable

transformed by a random noise e:

Zon = Ho(Xa) + 05(xa) O c. (2.18)

It is employed in the encoder g4(z|x) to reduce the gradient’s variance, as now the randomness
comes from p(e), and so the gradient is computed w.r.t. a deterministic function.
Therefore, we start with the distributions (2.16), (2.17), and a categorical distribution py(x|z),

with x4 € X = {1,2,..., L — 1}, and we have the two networks:

o FEncoder:

x € X — Linear(D, 256) — Leaky ReLU —

Linear(256,2 - M) — split — p € RM logo? € RY.



o Decoder:

x € XY — Linear(M) — Leaky ReLU —

Linear(256, D - L) — reshape — softmax — 6 € [0, 1]°*L.

where, since the distribution for x is categorical, the decoder network returns probabilities
through the softmax function.

Finally, for a given dataset D = {x,}_,, the aim during training is to minimize the (negative)

ELBO:
— ELBO(D; 0, ¢) =
N
> [ In Categorical (x,[0(24,n)) + I N (24 0| 16(Xn), 75(%2)) + N (24,0]0,T)] .
n=1

The learning procedure can be then summarized as:
1. Apply the encoder network to x,,, obtaining yi4(x,) and In o7 (x,).

2. Apply the reparameterization trick, obtaining z,, = ps(x,) + 04(x,) © €, where e ~
N(0,T).

3. Apply the decoder network to z,, to get the probabilities 6(zy.,).

4. Compute the ELBO using X,,, 4., ts(X,), and In ai(xn).

2.2.3 Deep Diffusion Generative Models

Another important type of latent variable models is hierarchical latent variable models, which
are used to capture dependencies among latent variables at different levels of abstraction,
enabling the representation of complex hierarchical structures in data. A hierarchical latent
variable model class that has become extremely popular recently is that of Deep Diffusion

Generative Models (DDGMs).
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DDGMs are hierarchical VAEs in which a reversed diffusion (DNN) parameters the top-down
path, and a diffusion process, such as a Gaussian diffusion, defines the variational posterior
(bottom-up path).

The original main idea [9] is to learn a reverse diffusion process to rebuild the structure in
the data after having demolished it with a forward diffusion process.

We consider a set of latent variables z;.; = [z1,...,27]. The marginal likelihood is defined

as:

po) = [ o 2 (2.19)

The joint distribution is represented as a Gaussian transitioning first-order Markov chain.:

po(X, Z1.7) = po(X|21) (1:[ pa(zz‘|zz‘+1)) pe(zT), (2.20)

where x € RP and z; e RP fori =1,...,T.

We can now bring in a class of variational posteriors as specified below:

Qs(z1:7]%) = qy(21]x) (H %(Zz"Zz‘—l)) ) (2.21)

=2

where we use @), to indicate the product of a sequence of variational posteriors g4(z;|2z;—1).

Now, these distributions are formulated as this Gaussian diffusion process:

qs(2ilzi—1) = N(2i[\/1 = Bizi—1, Bi1), (2.22)

where zy = x.
A step of the diffusion, g,(z;|z,—1), works by taking the earlier generated object z;_;, scaling
it by /1 — ;, and adding then noise with variance j;.

Through the reparameterization trick, we can rewrite it more explicitly:

Z; =/ 1-— 57;Z7;_1 + ﬁz ® €, (223)

11



where € ~ N (0,1).

The learning objective is again the ELBO, which can be rewritten in terms of KL divergences:

‘C<X; 0, gb) = EQ¢(Z1;T\X) [111]99(X|Z1)]+
T—-1

= " Equaio K LIQo(zil2i-1)l[po(2i|2i41)]]+

— EQ,(e_r ) [K L[Qy(z7|27-1)||pa(27)]]+

— EQ, (a1 10K L[Qs(21]X)||pa(21]22)]]-

At present, DDGMs are highly popular deep generative models, and thanks to advances in
deep learning, a diffusion-based model which achieved state-of-the-art results in image syn-
thesis was developed [3]. Further researches found that DDGMs are closely related to score-
based generative models [13], giving a precise connection between DDGMs and stochastic

differential equations [11], which we’ll explore in Chapter 4.
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3 Stochastic Differential Equations

Stochastic differential equations (SDEs) are a powerful tool for modeling uncertainty. While
ordinary differential equations (ODESs) describe deterministic systems, SDEs produce a dif-
ferent solution trajectory each time they are solved, making them useful for modeling phe-
nomena influenced by random forces.

This chapter provides an introduction to SDEs, starting with a review of ODEs and basic
stochastic processes. Afterwards, the concept of stochastic differential equation in terms of
Brownian motion is presented, to then focus on two types of SDEs, reverse time and back-
ward SDEs, which will be fundamental for the ideas in the next chapter, where they are

employed in novel deep generative models.

3.1 Background
3.1.1 Ordinary Differential Equations

An ordinary differential equation [6] is a mathematical equation that describes the relation-

ship between a function and its derivatives. The general form for an ODE is:

dx(t) d*z(t) d"x(t)
dt 7 dt2 77 dtn

F(t,z(t), ) =0, (3.1)

where ¢ is the independent variable (usually time), z(t) represents the dependent variable
we're solving for, as a function of ¢, d'z(t)/dt' represents the i — th derivative of z(t) with
respect to t. F'is a function that relates t, x(t), and its derivatives, while n is the order of
the ODE, referring to the highest derivative of x(t) in the equation.
Differential equations of order n are often transformed into vector differential equations of
order one:

dx(t)

— = B(x(t), 1) + G(x(1), yw(t), (3:2)

13



where x(t) € R is usually referred to as the state of the system, G and f are arbitrary
functions, and w(t) € R? is the forcing function or input to the system. This representation
is named the state-space form of the differential equation, and it appears to be useful in the
domain of stochastic differential equations.

A very useful class of differential equations are linear equations of the form

d’;_it) = F(1)x(t) + G(t)w(t), (3:3)

which often appears in applications, and, unlike general nonlinear differential equations, we
can actually solve these equations. Most solution methods for differential equations are
beyond the scope of this thesis, but can involve analytical techniques for exact solutions,
numerical methods for approximate solutions, and transformations such as the Laplace and

Fourier transforms to simplify equations.

3.1.2 Stochastic Processes

A stochastic process is a collection of random variables indexed by time or space, representing
the evolution of a system subject to randomness. Unlike ODEs, which model deterministic

systems, stochastic processes can be used to model randomness.

Definition 3.1 (Stochastic Process) Consider an arbitrary set T. A stochastic process is

a class X = {X(t,w) : t € T} of random variables depending on t.

A probability space associated with a stochastic process is a triple (€2, F,p), where € is the
sample space, F is a sigma-algebra on (), representing all possible events, and p is a proba-
bility measure that gives probabilities to the elements in F. Each random variable X (¢,w)
in the family is a function from €2 to R, for each fixed t € T'.

The ezpected value of a stochastic process at time ¢ is the integral of X (¢,w) w.r.t. the

probability measure p, denoted as E[X (¢)], assuming the integral exists.

14



The simplest stochastic process is the random walk, which models the path of a particle

that moves in random directions at fixed intervals.

Definition 3.2 (Random Walk) A random walk is a stochastic process {S,}5°,, where
each S, represents the position of a point at step n, and is defined recursively by S, =
Spn_1 + Xn. Here, Sy is the starting position, often set to zero, and {X,} is a sequence of
i.1.d. random variables representing the steps of the walk. The state space of the random walk
18 typically 7., the set of all integers, and the steps X,, can take positive or negative integer

values, or zero.

Another fundamental concept in stochastic processes is the one of Markov chains, which are
discrete-time processes having the property that the process’s future state is determined only

by its present state and not by the sequence of events that came before it.

Definition 3.3 (Markov Chain) A Markov chain is a stochastic process {Xp}n>o taking
on a finite or countable number of states, distinguished by the Markov property. This prop-
erty stipulates that the future state of the process only depends on the current state, and is
independent from the sequence of precedent events. Mathematically, for any times s,t with

0 < s <t and any states 1, 7, the Markov property can be expressed as:

p(Xt = j|Xs = Z',Xsfl,Xs,Q, RN ,XO) :p(Xt = j|Xs = Z)

3.2 Theory of Stochastic Differential Equations

At the very core, a stochastic differential equation is an ODE of the form Eq. (3.2), where

w(t) is a stochastic process. Then we have the general form

dx(t) = f(x,t)dt + G(x,t)dw(t) (3.4)

where w(t) is a d-dimensional Brownian motion, such that w(t) and w(t’) are independent

for all ¢ # ¢/. The function f(x,t) € R is the drift function, and G(x,t) € R¥? is the

15



dispersion matriz, defining how w(t) enters the system.

The concept of Brownian motion [8], also called Wiener process, is a generalization of the
random walk process, with each increment being independent. Therefore, the magnitude and
direction of the process’s changes are random and independent with respect to the earlier

ones.

Definition 3.4 (Brownian motion) A Brownian motion w(t) € R? is a continuous stochas-

tic process with the following properties:

1. Any Awy = w(tp1) — w(t) is a Gaussian r.v. with p = 0 and covariance GAty, in

which G is the diffusion matriz of the Brownian motion and Aty =t 1 — ty.
2. Not overlapping increments’ time spans imply independent increments.
3. w(0) =0.

w(t) indicates a one-dimensional Brownian motion. If we are in the scalar case, the diffusion

matrix is often called the diffusion coefficient and denoted as g.

Euler-Maruyama method to solve SDE A simple numerical technique used to approx-
imate solutions of SDEs is the Euler-Maruyama method [5]. Given a general SDE as in Eq.
(3.4), the Euler-Maruyama method discretizes time into small steps of size At. Starting from

an initial state x(0), it iteratively computes the state at each time step using the update rule:

x(t + At) = x(t) + f(x,t) At + G(x,t) Aw(t), (3.5)

where the usual notation is used and Aw(t) follows a Normal distribution with ;1 = 0 and
0% = At. This method is computationally simple and easy to implement, but, being a first-
order method, may exhibit strong numerical errors, especially for nonlinear SDEs, where

more sophisticated methods should be used for accurate and reliable simulations.
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3.2.1 Reverse Time Stochastic Differential Equations

Reverse time stochastic differential equations [1] are SDEs that model stochastic processes by
reversing the direction of time. The mathematical formulation typically involves transforming
a forward-time SDE like in Eq. (3.4) to a reverse-time SDE by reversing the time variable,
t — T —t, which affects both the drift and diffusion terms and requires a redefinition of the

stochastic process dynamics. Hence, given the forward-time SDE
dx(t) = f(x,t)dt + G(x,t)dw(t), (3.6)
the matching reverse-time SDE is

dx(t) = {f(x,t) = V- [G(x,t)G(x,t)" ] — G(x,1)G(x,1)" - Vi log ps(x)}dt + G(x,t)dW(t),
(3.7)

where dw(t) is the reverse-time Brownian motion and pr is the pdf of X(T") defined by the

forward-time SDE.

This approach is particularly useful when the final state of a system is known, and the

objective is to infer the historical states that led to this final state.

3.2.2 Backward Stochastic Differential Equations

Backward SDEs (BSDEs) [2] are SDEs in which we have a terminal condition, and the
evolution is backward in time. While forward SDEs explain a process’s evolution forward
in time, they express the progression of a stochastic process backward in time. Pairing a

BSDE with a forward SDE, we obtain a forward-backward stochastic differential equation

(FBSDE), given by

x(t) :£+/0 f(s,x(s)) ds—i—/o G(s,x(s)) dw(s)
y(t):n—l—/t b(s,x,y,2z) ds—/t z(s) dw(s), (3.8)
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where t € [0,7], x(t) € R% is the forward process, y(t) € R% is the backward process, and
z(t) € R%*% is the control process. The dynamics of x(¢) are outlined by the drift function
f(t,z) and diffusion function G(t,z). The relationship between x(t) and y(¢) are specified
by the generator function b(¢,x,y,z). y(t).

x(0) = £ is a given initial condition, and y(T') = n is the terminal condition. In some cases,
such as the Markovian FBSDE, we have that y(7') is a function of x(7"). Here the terminal
condition y(7T') = ¢x(T') implies a dependence on the terminal value of the forward process.
For the non-Markovian FBSDE, the terminal condition depends on the entire process of x,
denoted y(T') = ¢p(x(0 <t < T)). It is assumed that the initial input of the forward process
¢ is normally distributed, while the terminal value of the backward process n follows the
target data distribution.

BSDEs have numerous applications in financial mathematics and risk management, for exam-
ple they are used to model and price derivatives and future liabilities or payoffs that depend

on the path of an underlying stochastic process.
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4 SDEs in Generative Modeling

In recent years, various research directions that explore the use of stochastic differential
equations in deep generative modeling have emerged. This chapter aims to put together
the concepts explored in the previous sections, presenting two recent developments in this
field: first, a cohesive framework that generalizes and improves prior work on score-based
generative models using SDEs [11], and then, an innovative deep generative model, called
BSDE-Gen [17], which blends the versatility of BSDEs with the strength of deep neural

networks.

4.1 Score-Based Generative Modeling through SDEs

The idea to perturbate data with multiple noise scales is key to the success of various methods
related to denoising diffusion probabilistic models [3][9].

Song et al. (2020) [11] propose to further generalize this idea to an infinite number of noise
scales, such that, as noise intensifies, perturbed data distributions change according to an
SDE. Score-based generative models are thus improved by employing SDEs, which transform
data into a simple noise distribution. Estimating, through score matching, and thus knowing
the score of marginal distributions at each time step, this SDE can be reversed to generate
a new data sample. The process is visually summarized in Figure 3. The next paragraphs

present more in detail the main concepts and the structure of the model in [11].
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Forward SDE (data — noise)
x(0) dx = f(x,t)dt + g(t)dw

sc;e function
dx = [£(x, 1) — ¢ (t)&x Iog5; (x)]] dt + g(t)dw

Reverse SDE (noise — data)

Figure 3: Model’s overview (from [11]).
Background With the term score-based generative models we refer to two model classes:

e Score matching with Langevin dynamics (SMLD) [10] estimates the score (i.e., the
gradient of the log probability density with respect to data) at each noise scale. During

generation, Langevin dynamics is used to sample from a series of decreasing noise scales.

e Denoising diffusion probabilistic modeling (DDPM) [3][9] trains a series of probabilis-
tic models to reverse each step of the noise corruption, utilizing information of the

functional form of the reverse distributions to render training tractable.

Forward SDE The goal is to build a diffusion process {x(t)}._,, parameterized by a con-
tinuous time variable ¢ € [0,T], where x(0) ~ po and x(T') ~ py. The initial distribution
po corresponds to a dataset of i.i.d. samples, and pr represents the prior distribution. The

diffusion process is described by the SDE:

dx = f(x,t)dt + g(t) dw, (4.1)

where dx denotes the infinitesimal change in x, f(x,?) is a drift coefficient, g(¢) is a diffusion

coefficient, and dw is an increment of a Wiener process. We denote by p,(x) the pdf of x, and
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use ps(x(t)|x(s)) to indicate the transition kernel from x(s) to x(t), where 0 < s <t <7 .
The distribution pr is usually a prior distribution without any structure, thus uninformative

with respect to pg, for instance a Gaussian with fixed parameters.

Reverse SDE According to [1], the reverse of a diffusion process is itself a diffusion process,

that runs backward in time and is defined by:
dx = [£(x,1) — g(t)Vx log pi(x)] dt + g(t)dw, (4.2)

where W is a standard Wiener process with time flowing backward from 7' to 0, and dt is an
infinitesimal negative timestep. Starting from samples of x(7") ~ pr, after having estimated
the score V log p;(x) of each marginal distribution for every ¢, we can determine the reverse

diffusion process from Eq. (4.2) and simulate it in order to sample x(0) ~ po.

Scores Estimation To estimate a distribution’s score, it’s possible to train a score-based
model on samples with score matching. Hence, to estimate Vylogp:(x), we can train a

score-based model sy(x,t), generalizing the ELBOs in SMLD and DDPM, by finding:

0" = argmin B, {A(ExExixo) [[150(x(0), 1) = Vilogp(x(t) [ xO)IF]},  (4.3)

where A : [0,T] — Rxq gives the weights, t ~ U(0,T), x(0) ~ po(x) and x(t) ~ po:(x(t)|x(0)).
With enough data and sufficient model size, score matching ensures that sg=(x,t) = Vy log p:(x)
for almost all x and ¢, with the solution sg« being optimal.

The parameter A is usually picked such that A o< 1/E [[|Vy log py(x(t) | x(()))||§}, similarly to
SMLD and DDPM. In order to efficiently solve Eq. (4.3), it is typically needed to know the
transition kernel po:(x(t)|x(0)), which can be either a Gaussian distribution, in the case of
affine drift coefficient f, or obtained by solving Kolmogorov’s forward equation, in the case

of more general SDEs.
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Samples Generation Afterwards, we can use the trained sg= to construct the reverse-time
SDE, and then apply a solver method such as the Euler-Maruyama to generate samples from
Po-

We have controllable generation if there are additional information or conditions under which
we want to generate data, denoted by y. If p,(y|x(t)) is known, it is also possible to produce
samples from py(x(0)|y). Given a forward SDE as in Eq. (4.1), it’s possible to sample from

pe(x(t)]y). We start from pp(x(T)|y) and solve the conditional reverse-time SDE:

dx = {f(x,t) — g(t)* [Vxlog ps(x) + Vy log p,(y|x)]}dt + g(t)dw. (4.4)

Three useful applications of this type of generation are class-conditional generation, with y

representing class labels, image imputation, and image colorization.

Contributions This framework’s contributions include: improving the understanding of
existing approaches, introducing novel sampling algorithms, enabling accurate likelihood
computation, latent code manipulation, uniquely identifiable encoding, and bringing ad-
ditional conditional generation capabilities to the score-based generative models class.

In particular, some theoretical and practical contributions are:

o Flexible sampling and likelihood computation, as different SDE solvers can be used in

the reverse-time SDE integration in order to sample.

e (Controllable generation, as the generation process can be modulated by conditioning
on data unavailable during training, since the conditional reverse-time SDE can be

estimated from unconditional scores in an efficient way.

e Unified framework, amalgamating methods of SMLD and DDPM as discretizations of
two different SDEs, and providing a unified method to investigate and adjust SDEs to

improve score-based generative models.
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4.2 Deep Generative Modeling with Backward Stochastic Differ-

ential Equations

BSDE-Gen [17] is a novel deep generative model that exploits the ability of BSDEs to de-
scribe the evolution of a stochastic process backward in time and deep neural networks’
capability to model data in high-dimensional spaces. Starting with a casual initial input
following a standard normal distribution, BSDE-Gen moves toward a final value representing
the target distribution. After training, the optimized parameters can be utilized to generate
new samples through a forward scheme. The objective to minimize during training is an
MMD loss function obtained from the BSDE-based dynamics. The result is a model able to

produce new data that are similar to the initial dataset.

BSDE-based Generative Models Let’s consider a forward-backward stochastic differ-
ential equation as in Eq. (3.8), where x(¢) is the forward process, y(t) is the backward
process, z(t) is the control process, f(¢) is the drift function, G(¢) is the diffusion function,
and b(t,x,y,z) is the generator function, specifying the relation between the forward and
backward processes.

To solve the FBSDE, we need to find the F(¢)-adapted stochastic process (x(t),y(t),z(t))
for all ¢t € [0,T] in a suitable space that satisfies the aforementioned equation, given f, G, b,
the Brownian motion w(t), and the initial and terminal conditions &, 7.

Using the Fuler Maruyama method in Eq. (3.5) for the two processes, we obtain

x(t + At) ~ x(t) + £(t,x(t)) At + G(t,x(t)) Aw(t)

y(t+ At) = y(t) — b(t,x(t),y(t),z(t)) At + z(t) Aw(t), (4.5)

where Aw(t) = w(t + At) — w(t).

Model Architecture Consider as known the drift function f(¢), the diffusion function

G(t), and the generator function b(¢,x,y, z).
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Then, to use the scheme in Eq. (4.5), we need to learn the initial value of the backward process
y(0) and the control process z(t), which can be both approximated using the variable ¢ and

the respective forward process x(t). Hence, it’s possible to use two deep neural networks,

N%©(x(0)) and N% (¢, x(t)), such that

y(0) = N%© (x(0)), z(t) = N0 (t,x(t)), (4.6)

with the following structure:

NO(x):=¢poLyooy_10Ly_10---00y0L(X), (4.7)

where H is the number of layers of the neural network, £;(x) is a linear transformation, o is
the activation function, and ¢ is the function that maps to the state space. Dropout is used
for regularization.

The complete structure is summarized in Figure 4. The BSDE-Gen model starts with the
random initialization of an input x(0) and a series of Brownian motions w(t). We then obtain
x(t) using the Euler Maruyama scheme, while y(0) and z(t) are obtained with the DNNs in
Eq. (4.6), whose parameters 6 = {0,,6,} are trained with the MMD Loss function (more
details in the next paragraph). Combining these elements, y(t) is obtained using again Eq.

(4.5). Finally, at time T, the generated sample y(7') is obtained.

Training The loss function used to train the deep neural networks in Eq. (4.6) is the MMD
Loss. This is a statistical test that checks if two probability distributions are equivalent,
computing their distance as the distance between mean embeddings of features through the
reproduction of kernel Hilbert space (RKHS) H.

Given two probabilities of random elements P and Q on X', the MMD is:

MMD*(P, Q) = |up — pall3, (4.8)
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Figure 4: Model Architecture of BSDE-Gen (from [17]).

where pp and pp are the are the mean embeddings of P and Q in a RKHS H. Under acceptable
conditions, MMD?*(P,Q) =0 <= P =Q.
In the BSDE-Gen model, the MMD Loss is

L(0) = MMD?(y(T),7), (4.9)

where y(T) is the final value computed by the model and 7 represents the target data. After
optimizing the parameters é, it’s possible to generate new samples using the Euler forward
discrete scheme 4.5.

The BSDE-Gen models can be either trained with a decoder-only architecture or a encoder-
decoder architecture. The first involves training the generative model to turn a noise vector
into a realistic image, much like classic GANs. In contrast, the encoder-decoder method adds

noise to the image, comparable to diffusion models (e.g. [3],[9],[10]).
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Results and Limitations The BSDE-Gen model demonstrates a possible way for pro-
ducing high-dimensional complex data, with potential applications in many fields, including
computer vision and healthcare (e.g., drug discovery), by giving an instrument to model
complex systems with uncertain dynamics and partial information.

However, there are some limitations. Firstly, the model is computationally complex, which
can be a problem with large datasets. Also, BSDE-Gen necessitates the setting of some
hyperparameters, namely the forward process and the generator function b of the backward
process. Future research could focus on finding more efficient algorithms to decrease compu-
tational complexity, and on developing other encoder architectures to optimize the mapping

between the BSDE-Gen model input and target data.
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5 Implementation and Evaluation of DGMs

This chapter presents an implementation of the two models described in the previous section,
i.e., a score-based generative model which uses SDEs [11], which we will refer to as ScoreNet,
and a generative model which employs backward SDEs [17], called BSDE-Gen.

We will implement the models in Python using PyTorch, train them on the same dataset of
images, and generate new samples. Finally, the results will be compared and evaluated, both
through visual inspection and through different evaluation metrics, such as Inception Score

and Reconstruction Error.

5.1 Dataset

The dataset employed to test the implementation of the two deep generative models is the
MNIST dataset, a benchmark in the field of machine learning and computer vision. The
dataset consists of a total of 70,000 28x28 pixels images, each depicting a handwritten digit
from 0 to 9. The choice is driven by the simplicity of the dataset, which allows to train these

models in an effecient way, yet allowing for a meaningful evaluation.

2]71é6]a17

Figure 5: Examples from the MNIST dataset.

5.2 Models Implementation

The generative models implementations are inspired by the code published on Github by
the authors of the respective papers [12] [18]. The code was revisited and adapted for the
purposes of this analysis. In both cases, the framework used to implement the model is

Pytorch.
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5.2.1 Classes

ScoreNet The ScoreNet class, inheriting from nn.Module, implements a time-dependent
score-based model with a U-Net architecture. This model employs Gaussian Fourier pro-
jections for encoding time steps and dense layers to reshape outputs into feature maps.
The GaussianFourierProjection class generates random features for time encoding, while the
Dense class reshapes outputs. The ScoreNet includes encoding and decoding paths. The
encoding path reduces input resolution through convolutional layers, and the decoding path
restores it using transposed convolutional layers.

ScoreNet initializes these layers along with group normalization and dense layers for time
embeddings. The forward method processes input z and time ¢, embedding ¢ and incor-
porating it into both encoding and decoding layers. The Swish activation function ensures
non-linearity. During the forward pass, the encoding layers apply convolutions, normaliza-
tion, and activations, integrating time embeddings. The decoding layers restore resolution,
using skip connections from the encoding path, refining the output with transposed con-
volutions and normalization. The output is normalized dividing by the standard deviation
of the perturbation kernel, ensuring consistency with input perturbation. This design al-
lows ScoreNet to model temporal dynamics effectively, using the U-Net structure for precise

reconstructions and temporal embeddings for time-dependent behavior.

BSDE-Gen For this model, a Python class FBSDEGen, inheriting from nn.Module, is
defined. The class implements the Forward-Backward Stochastic Differential Equations (FB-
SDE) generator, defining its architecture with fully connected layers. The class constructor
initializes the network layers and essential parameters such as the drift function b, the dif-
fusion function sigma, and the generator f. The forward method implements the forward
pass, where it generates the sample paths for the state variable x and the value function
y over discrete time steps, using the network to predict the values at each step. The class

utilizes a dropout layer to prevent overfitting and a GELU activation function to introduce
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non-linearity.

5.2.2 Training

In both cases, the training process is handled by a train function, which iterates over the
training data, adjusting the model parameters using the respective optimizer and loss func-
tion. As for ScoreNet, the loss function defined measures the difference between the model’s
predicted scores and the true noise added to the data. On the other hand, the loss function
used for training BSDE-Gen is an implementation of the MMD Loss (Maximum Mean Dis-
crepancy) described in Section 4.2.

The two models were trained on the MNIST dataset, using a batch size of 512.

ScoreNet | BSDE-Gen
# Parameters 1,115,425 12,948,560
Time per epoch (sec) ~9 ~ 350
Training epochs 31 31
Reconstruction Error 0.16 0.61
Inception Score 1.62 1.84

Table 1: Training characteristics of the two models

From the comparison in Table 1, it can be evicted how there are significant differences
among the models, especially regarding computational efficiency and complexity. Indeed,
BSDE-Gen has more than 10 times the parameters of ScoreNet, and this complexity results

in a significantly longer training time.

5.3 Results and Evaluation

After having trained the models, it’s possible to generate samples and evaluate their perfor-
mances. We are going to compare the generated data under four main points of view: visual

inspection, inception score (IS), reconstruction error (RE), and training running time.

Visual Inspection The first and most naive, yet effective, method to compare the models

performances, is to visually inspect the generated images after n iterations.
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Figure 6: Samples generated from ScoreNet model.
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Figure 7: Samples generated from BSDE-Gen model.

From Figure 6 and 7, we can notice how, at the last iteration, both models generate images
closely resembling the original data in Figure 5. However, we can see that the less parameter-
ized ScoreNet model initially generates almost random images (see epoch 1 and 6 in Figure
6), to then significantly improve over training epochs. On the other hand, the more complex
BSDE-Gen model generates images resembling digits from the start, and the improvement

over epochs is less significant.

Inception Score and Reconstruction Error The previous observation is confirmed by
the graphs in Figure 10, where the reconstruction error of ScoreNet is initially much higher
compared to BSDE-Gen, but eventually the former model improves significantly, surpassing
the latter in terms of Reconstruction Error (in red) and achieving a slightly lower Inception
Score (in blue), at the last training epoch (see Table 1).

The Inception Score is a measure that evaluates the quality and diversity of images generated
by a model. It uses a pre-trained Inception v3 classifier to predict the class probabilities for
each generated image. Mathematically, IS is calculated using the Kullback-Leibler divergence
between the conditional distribution of labels and the marginal distribution. A higher In-

ception Score indicates better image quality and diversity, with the score being higher when
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generated images are both realistic and varied.

Reconstruction error, instead, measures the difference between original data and its recon-
struction by a model, quantifying how accurately the model can recreate the input data from
a compressed representation. Lower reconstruction errors indicate better model performance,
reflecting its ability to capture and reproduce essential features of the data. Note that in

Figure 10 the logarithm of the reconstruction error is plotted for visualization purposes.

ScoreNet Inception Score Over Training Epochs

BSDE Inception Score Over Training Epochs

— inception Score — Inception Score
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BSDE Reconstruction Error Over Training Epochs

onstruction Error
s

Figure 8: ScoreNet IS (in blue) and RE Figure 9: BSDE-Gen IS (in blue) and RE
(in red) (in red)

Figure 10: Comparison of BSDE-Gen and ScoreNet Training Results

Running Time Finally, from a running time point of view, it must be noted that, using
the same hardware, the ScoreNet total training time was 1/25 of the BSDE-Gen running

time, showing how the first model proves to be the most efficient.
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6 Conclusions

This thesis explored the integration of stochastic differential equations (SDEs) with deep
generative models (DGMs), showing their potential in the field of generative modeling. The
journey from theoretical concepts to practical implementations demonstrates the capabilities
of SDEs to be employed in generative algorithms, possibly enhancing them.

We started with a foundational review of generative modeling, laying the foundation for the
incorporation of stochastic processes. SDEs were thus introduced as a tool to model the
randomness and uncertainty present in many real-world data generation processes.

This groundwork was fundamental for understanding the recent development of advanced
models like the score-based and backward stochastic differential equation models, which rep-
resent the core focus of this investigation.

By implementing these models, we have showed the power of SDEs to enable precise control
over the generative process. The score-based model, which employs a continuous spectrum of
noise levels to refine data generation, and the BSDE model, which leverages backward time
dynamics, both demonstrate how SDEs can lead to generated samples with high quality and
similarity to the original data.

Offering a powerful tool for modeling complex systems with uncertain dynamics and incom-
plete information, the application of these models is potentially significant in many fields,
such as computer vision and healthcare.

In conclusion, several promising directions can be explored by future research. In particular,
enhancing the efficiency and scalability of SDE-based generative models can make them more
practical for large-scale applications.

Moreover, as pointed out in [11], a meaningful research direction could be the identification
of methods to combine the stable learning of these models with the efficient sampling of

implicit models like GANs.
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